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Abstract

Multibody systems, which consist of several separate or interconnected, rigid or flexible

bodies, occur frequently in problems of aerospace engineering. Such problems can

be difficult to solve using conventional finite volume methods in computational fluid

dynamics. This is particularly so if the bodies are required to undergo translational or

rotational displacements during time-dependent simulations, which occur, for example,

with cases involving store release or control surface deflection. These problems are

generally limited to those when the movements are small or known a-priori. This

thesis investigates the use of the meshless method to solve these difficult multibody

systems using computational fluid dynamics, with the aim of performing moving-body

simulations involving large scale motions, with no restrictions on the movement.

An implicit meshless scheme is developed to solve the Euler, laminar and Reynolds-

Averaged Navier-Stokes equations. Spatial derivatives are approximated using a least

squares method on clouds of points. The resultant system of equations is linearised and

solved implicitly using approximate, analytical Jacobian matrices and a preconditioned

Krylov subspace iterative method. The details of the spatial discretisation, linear solver

and construction of the Jacobian matrix are discussed, and results which demonstrate

the performance of the scheme are presented for steady and unsteady flows in two and

three-dimensions.

The selection of the stencils over the computational domain for the meshless solver

is vital for the method to be used to solve problems involving multibody systems accu-

rately and efficiently. The computational domain is obtained using overlapping point

distributions associated with each body in the system. Stencil selection is relatively

straight forward if the point distributions are isotropic in nature; however, this is rarely

the case in computations that solve the Navier-Stokes equations. A fully automatic

method of selecting the stencils is outlined, in which the original connectivity and the

concept of a resolving direction are used to help construct good quality stencils with

limited user input. The methodology is described, and results, that are solutions to the

Navier-Stokes equations in two-dimensions and the Euler equations in three-dimensions,

are presented for various systems.
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Chapter 1

Introduction

The prediction of fluid flow involving moving aircraft components is a challenging prob-

lem. An example of such an application is in store release, in which the store, a weapon

or countermeasure device, is released from the aircraft at high speed. Store separa-

tion analysis includes determining the trajectory during the initial stage of the release,

and the identification of safe separation zones to avoid mid-air collisions between the

store and the aircraft that released it. For this, important parameters such as the

miss distance, which is the smallest distance between any part of the store and the

aircraft during the early part of the trajectory, are needed for all of the different load

configurations and flight conditions that are possible for the aircraft in question.

Originally, such parameters could only be determined with flight tests, in which the

stores were dropped from an aircraft at gradually increasing speeds until the store came

close to or actually hit the aircraft [1]. These tests were very dangerous for the test

pilots, and expensive in terms of time, implementation and the possible loss of aircraft.

For many years wind tunnels were the only alternative; though with the recent advances

in computer hardware it is becoming more feasible to numerically compute the required

parameters using computational fluid dynamics (CFD). Such methods were first used to

provide a solution for a store in an aircraft flow field in the 1970s [2,3]. The continuing

development of computer resources and numerical algorithms, has meant that CFD has

matured to a state where it can work in conjunction with wind tunnel data and flight

tests in aerodynamic design.

The numerical methods employed in CFD require some discretisation of the compu-

tational domain: this is most commonly achieved through the use of a mesh, also called

a grid. The mesh consists of a set of non-overlapping cells, which in some way conform

to the geometry of the problem, and ensure the conservation of the flow variables. The

fluid flow over the geometry is simulated by transforming the governing equations of

fluid dynamics into a discretised algebraic form, which is solved on the mesh to obtain

numerical (as opposed to analytical) solutions. For a store release case, these equations

are solved in a time accurate manner to determine the aerodynamic forces and moments
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on the store. This data is then used by a six-degree of freedom (6-DOF) module to

solve the rigid body equations of motion, and, thus, predict the store trajectory at each

time step. The computational domain for such simulations must include, at the very

least, the aircraft from which the store is released and the store itself; hence, they form

what is called a multibody system. By classification multibody systems may be static;

but the fluid-structure interaction between the various bodies in the store release case

inevitably leads to changing geometries during the time-dependent computation. This

means that there are elemental changes in the configuration over time as the bodies

move relative to one another. The difficulties in handling such changes within a dis-

cretised domain to account for this movement, is one of the important issues in the

simulation of this class of problem.

1.1 Moving-body problems in CFD

The most intuitive way to simulate moving-body problems is to generate a new grid at

each time step, with the bodies in the new locations as predicted by the calculations

made in the previous step. This means that each successive discretisation will require

an interpolation of the flow solutions between the grids, which leads to inaccuracies that

arise from the large number of interpolations that are needed. Also, as grid generation

can be a difficult and time consuming process, remeshing the geometry after each time

step is a very unattractive proposition. These disadvantages mean that researchers

have looked to alternative, more elaborate techniques.

One such technique is to deform the mesh to account for the body movement. In

this approach, the boundaries move according to the 6-DOF model after each time

step, while the cells of the mesh expand and contract to accommodate the movement,

while keeping the connectivity unchanged between time steps [4–8]. This method is

relatively easy to implement into a CFD solver, and is adequate for motions that are

simple. Problems arise when the bodies undergo large scale changes in their position,

meaning that the required mesh deformations are excessive: then the mesh quality

deteriorates and so must be reviewed during each iteration. Reference [9] presents

a method in which the mesh is completely regenerated when it exhibits bad quality

measures. A local remeshing procedure is used in Ref. [10], in which a hole is cut in the

domain where the mesh quality has deteriorated; this region is then remeshed using an

unstructured grid generator, thus, reducing where solution interpolation must occur.

Alternative methods arise by a decomposition of the domain into a set of simpler

subdomains. For example, it is convenient to generate independent grids around each

body separately, as subdomains, which can then be composited together in some way.

If the grids meet at an interface, as in Fig.1.1(a), then they can slide past one an-

other to simulate the relative movement between the bodies. The meshes adjacent to

the sliding surface do not necessarily have to have matching nodes, or even the same
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(a) Sliding mesh method (b) Overset grid method

Figure 1.1: Domain decomposition methods.

number of cell faces; hence, solutions must be passed through the interface by means

of an interpolation. This method requires that the motion of the bodies be known a-

priori, and is restricted to movement along the interface. Applications, for which it has

been used with a great deal of success for time-dependent simulations, include turbo-

machinery [11], where non-matching and rotating cell faces are used for the simulation

of the flow between adjacent blade rows of engines; a study of noise generation from

propeller and propeller-wing configurations [12]; and the analysis of helicopter aerody-

namics [13], for which the unsteady flow over a fuselage and rotor blades is computed

for a helicopter in forward flight. The restriction that the exact location of the bodies

must be known after each time step means, however, that there are limited applica-

tions to the sliding mesh approach; and it cannot be used to simulate many multibody

problems with unknown geometry changes, such as those that occur in store release

cases.

A more flexible method is obtained if instead of the domains meeting at the inter-

face, they are allowed to overlap, as shown in Fig.1.1(b). This means that the grids

can move rigidly with their associated body components, and therefore, in theory, the

bodies can move in any direction relative to one another during the computation. This

grid movement can be performed without any deformation or remeshing, and communi-

cation between the grids is achieved through data interpolation. This method is called

the overset grid method, though it is also commonly known as the Chimera method,

and was introduced in Ref. [14] by Steger et al. in 1983. The overset grid strategy not

only has the benefit of being able to simulate difficult moving-body problems, but it can

also alleviate some of the difficulties in generating a full finite volume mesh, particularly

for multibody systems. The technique of overlapping grids to form the computational

domain means that the engineer can construct meshes around bodies, or components

of bodies, independently, which is simpler and less time consuming than generating the

full mesh as a whole. The Chimera method is a well-established discipline, and many
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overset grid codes have been developed, such as those in Refs. [15–21]; these, and other

codes, have been used to solve moving-body problems in a wide range of applications

including helicopter flight [22, 23], tiltrotor flight [24], flow through a turbine [25] and

store release [1, 26–32].

The use of overlapping grids means that a preprocessor stage is required to first cre-

ate a computational domain on which the flow solver can operate. This stage basically

consists of three steps: hole cutting, identification of interpolation cells and identifi-

cation of corresponding donor cells. The hole cutting stage is necessary for regions of

grids that fall into solid bodies, or other non-flow regions, when the overlap occurs:

these grid regions are removed from the computational domain. Interpolation cells are

needed to establish the communication of the flow solution between the grids; for each

grid, these cells will lie along hole boundaries and in other regions where interpolation

boundaries are identified. Donor cells are then required from the other grids to create

stencils with the interpolation cells to make the inter-grid communication possible. In

steady state problems these procedures only need to be performed once, as the grid

geometries remain invariant during the simulation. For problems with moving-bodies

the preprocessor stage has to be done after each time step, when the relative orientation

of the overset grids changes.

Unfortunately, these interpolation/donor cell identification steps can be very diffi-

cult. Ideally the donor and recipient cells will be of the same size in the overlap region;

if this is not the case, such as when one grid is highly refined, this mismatch can cause

serious errors in the interpolation. This is because cells with lower resolution do not

capture the flow features that form in the areas of high resolution; and, consequently,

the magnitude of numerical error increases with the gradients of the flow variables being

communicated [33]. This difficulty is often dealt with by the inclusion of another grid as

a transition between the mismatching grids. This will increase the computational costs,

as a three-fold grid overlap in three-dimensions can be expensive, and additional com-

plexities in the above steps may arise. Also, the possibility of this happening at multiple

geometric orientations during an unsteady, moving-body simulatation means that this

fix is not ideal. There is also the problem of orphan points, which are interpolation

cells for which no valid interpolation is possible; this can happen, for example, if there

is insufficient overlap of the grids. Accuracy can also be compromised if an instance

occurs such that the donor elements in a grid are also interpolation locations. This

communication of flow data between grids is more problematic for viscous cases. These

difficulties mean that despite the successful applications of the Chimera method, there

are still limitations on its automatic use in moving-body problems when the bodies can

move anywhere in the domain.

The above techniques all use the finite volume method, which uses cells to enforce

the conservation of mass, momentum and energy of the fluid; as such, there is a clearly

defined connectivity of nodes, edges and faces. Therefore, in a moving-body simulation,
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if a cell comes into contact with another cell that has been used to discretise the flow

around another body, then how to deal with the subsequent form of the cells, and

the fluid inside each, is a major concern. This problem of the collision of such rigid

structures invites the idea of breaking the restrictions that the cells impose. If only

the nodes were used, then there should be no problem in moving bodies relative to one

another: this is the basic idea behind the meshless method.

Meshless methods are characterised by the domain Ω requiring only a distribu-

tion of points for the solution of the equations. The flow variables ϕ are each

represented by an approximating function ϕ̂, and are calculated by the use of lo-

cal clouds, or stencils. In the finite volume method, the surrounding cells con-

tribute to the stencil of each cell; in the meshless technique, each point i has a local

subdomain of neighbouring points Ωi that forms the stencil, as shown in Fig. 1.2.
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Figure 1.2: Form of a meshless domain.

As cells are not used at all, then some of

the difficulties associated with grid genera-

tion can be avoided. In a similar manner

to the Chimera method, one can generate a

distribution of points around each body sep-

arately, which adequately resolves the geo-

metric features, and the union of the point

distributions can then form the full compu-

tational domain on which the solver directly

operates. Any incremental changes in the

geometry due to the bodies moving during

a simulation will not require a complete regeneration of the points: only the local sten-

cils must change if the points within have moved. This is also beneficial in the design

stage of aerospace vehicles: if only one component of the geometry needs to be changed,

then only a regeneration of the points where the changes have occured is necessary.

As the separate distribution of points around each body is treated as an entity by

the flow solver, then, unlike with the Chimera method, there is no interpolation process

involved. This means that the rigorous and costly identification of donor and interpo-

lation cells is not required, as the equations are solved directly in the regions where the

point distributions overlap. It also means that there is no restriction on the resolution

of the various point distributions that overlap; and the bodies are, therefore, free to

move in any position relative to one another. This robustness is highly desirable with

the large scale movements involved in some moving-body problems. The construction

of the stencils on the set of points may, however, be equally as difficult as the identifi-

cation of the interpolation stencils for the Chimera method. Research into algorithms

for stencil selection are very important to determine if the method has the potential

to be a practical alternative to the Chimera method for problems involving multibody

systems; some of the issues regarding this process are outlined later in Section 1.4.
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1.2 Meshless methods

The Smoothed Particle Hydrodynamics (SPH) method [34, 35] is generally considered

to be the first meshless method; and was introduced in 1977 to model astrophysical

phenomena. Despite its initial success, it was only after the 1990s that SPH was applied

to a wider range of problems, such as impact, magnetohydrodynamics, heat conduction

and computational mechanics [36, 37]. In the SPH method an integral representation

of a function, called a kernel approximation, is used to solve the governing partial

differential equations using a Lagrangian approach. The Reproducing Kernel Particle

Method [38] was proposed to correct the lack of consistency in SPH, by adding a

correction function to the base kernel approximation, and so improving the accuracy.

Another class of meshless method, which was proposed later and has its origin in

data fitting, can be obtained if one uses a moving least squares (MLS) interpolation to

determine the approximation functions used for the governing equations. The Diffuse

Element Method [39] was the first to use such a procedure; it was later refined and

modified in the Element Free Galerkin (EFG) method [40]. EFG has become one of

the most popular of the meshless methods, and has been applied to a wide range of

problems, such as fracture and crack propogation, wave propogation, acoustics and

fluid flow [41–44].

As pointed out in Ref. [45], each of these methods share many common features,

and, in most cases, MLS methods are identical to kernel methods. Any kernel method in

which the parent kernel is identical to the weight function of a MLS approximation, and

is rendered consistent by the same basis, is identical. In other words, a discrete kernel

approximation which is consistent must be identical to the related MLS approximation.

Underlying the two methods is the concept of the partition of unity (POU), which

provides a rational method for constructing localised approximations to global functions

with a greater degree of flexibilty. The POU concept is used in the hp-cloud method [46]

in conjunction with a MLS interpolation.

For all of these methods, the approximation function ϕ̂ within each subdomain Ωi,

for the point i, can be expressed in the form

ϕ̂i(x) =
∑
j

Nj(x)ϕj (1.1)

where the sum is taken over each of the points j in the subdomain, and Nj is the local

shape function. This form is also used in many finite element, including finite volume,

discretisations. The major difference, however, is that the local shape functions are

not reciprocal: this means that the shape function between a point and its neighbour

within one stencil, is not the same as when the star is a point within the stencil of

the neighbouring point. Reciprocal shape functions mean that all interior fluxes cancel

within the domain; hence, the sum of all flux contributions reduces to the flux through
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the domain boundaries. As a result, the meshless scheme cannot guarantee the conser-

vation of the flow variables in the same way that conventional finite volume methods

can. The non-reciprocal shape functions make meshless calculations much slower than

their mesh based counterparts; and, more importantly, the non-conservation may lead

to reduced accuracy. How much the lack of strict conservation will affect the solution,

especially for turbulent flows, is an area of ongoing research; though the issue has lead

to doubts about the use of meshless methods in the scientific community.

As the various meshless methods are theoretically similar, a more useful way of clas-

sifying them is by their implementation. Generally, meshless methods can be classed

as either Galerkin type methods or point collocation methods. Galerkin type methods

solve the weak form of the governing equations; formulations based on this form can

produce a stable set of algebraic equations, though integration procedures are required

since the weak form satisfies the global integral form of the governing equations. This

integration is often done by the use of a background grid, which is used to create a

structure to define the quadrature points; consequently, such methods are not truly

meshless. In practical terms though they can still be called meshless, as the grid re-

quired is very simple, and does not need to be compatible with the points in the domain.

The Meshless Local Petrov-Galerkin method [47], however, is based on the weak form,

though it has a local nature in which the integral in the weak form is satisfied over

a local domain. As such, a global background integration is not required: only much

simpler local integrals. This scheme has been used to solve the incompressible Navier-

Stokes equations in Ref. [48]. Point collocation methods, on the other hand, solve the

strong form of the governing equations on the set of points. Although obtaining the

exact solution for a strong form system is often more difficult and less stable, point

collocation methods are less complicated to implement, and are much less costly as

no background grid integration is required. It is for their speed and flexibility that

point collocation methods are generally preferred in CFD. The clouds of points are

used to solve the equations by first discretising the derivatives of the partial differential

equation. This is done using an equivalent form of Eq. (1.1), which can be written

∂ϕ̂i
∂x

=
∑
j ̸=i

b(i)j(ϕj − ϕi) (1.2)

where b(i)j is another local shape function for the subdomain i, associated with the

derivative of ϕ̂i with respect to x; in this form, these shape functions must obey the

property ∑
j

b(i)j = 0 (1.3)

which is the equivalent of the partition of unity; and is called the partition of nullity for

shape function derivatives. The local shape functions of Eq. (1.2) are often obtained by
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Method System Approximation

Smoothed Particle Hydrodynamics Strong kernel
Reproducing Kernel Particle Method Strong or weak kernel
Diffuse Element Method Weak MLS
Element Free Galerkin Weak MLS
Meshless Local Petrov-Galerkin Weak MLS
Finite point method Strong MLS
hp-cloud Weak POU, MLS

Table 1.1: Summary of classification of meshless methods by system as strong or
weak, and approximation by kernel, moving least squares (MLS), or partition of
unity (POU).

performing a local least squares approximation. Least squares methods already see wide

use in more traditional CFD methods, often as a means of reconstructing higher order

variables in finite volume schemes [49]; meshless collocation methods are effectively an

extension of this, in that we use least squares to directly compute the flux derivatives.

The discretisation of the unknown function and its derivatives are defined only by the

position of the points, which means that domain overlap and multibody configurations

can be accommodated [46].

The first use of point collocation meshless methods to solve problems in CFD was

by Batina [50], in which the Euler and Navier-Stokes equations were solved using an un-

weighted least squares discretisation. This method was then used in Ref. [51] for simple

three-dimensional problems. This work can be seen as a precursor to the finite point

method developed by Oñate et al., which was used for convection-diffusion problems

and compressible fluid flow [52, 53]. Improvements to the scheme include a suitable

mapping for increased stability [54], and an iterative QR decomposition method for

more robust shape function computation [55].

Most meshless methods used for CFD in the literature (including this work) use

the finite point method or some variant. An example of such a variant is in the use of

a Taylor series representation of the approximating function, as opposed to a polyno-

mial representation. A Taylor series representation has been used in the Least-Squares

Kinetic Upwind Method (LSKUM) [56,57], which uses a meshless discretisation of the

Boltzmann equation, leading to an upwind scheme at the Euler level after taking mo-

ments. The stencils used are split stencils; and are selected according to the coordinate

positions of the neighbouring points. The use of such stencils gives split flux deriva-

tives and the upwind character to LSKUM. Praveen developed the Kinetic Meshless

Method [58], which differs from LSKUM primarily in that a single stencil is used at

each point; the upwinding is then introduced with the help of a modified least squares

approximation, called the dual least squares approximation. Katz and Jameson [59]

have developed a meshless scheme in two-dimensions that is used within an edge based
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framework using grid connectivities. A multicloud algorithm, which enables simple

and automatic coarsening procedures to accelerate convergence for explicit schemes,

was also presented in Ref. [60]. A comparison is made between methods based on

Taylor expansion, polynomial basis and radial basis function schemes in Ref. [61]. It

is shown that for transonic flows with shocks, both the polynomial and Taylor series

representations performed well; however, there was a slight improvement in the lift and

drag coefficients when a polynomial representation is used.

A summary of the meshless methods described briefly in this section is given in

Table 1.1; for a more detailed overview of the methods see Refs. [45, 62,63].

1.3 Features of meshless methods in CFD

Another potential benefit of meshless methods is in the reduced effort required on behalf

of the user to obtain CFD results. The lack of a mesh means that there is no predefined

connectivity; this provides flexibility in adding or deleting points from a domain during

a computation for the purpose of automatic, adaptive refinement. Such techniques are

designed to capture physical features, for example shock waves, with high resolution. In

finite volume methods, this involves an often complicated procedure of splitting the cells

in the areas of high gradient: the so called h-adaptivity. As meshless methods require

only a set of arbitrarily distributed points, an operation placing additional points in

these high gradient areas is a much simpler task. These regions are often identified by

the use of some sort of error estimate at each point, which checks the resolution of the

solution. In a similar manner, one can easily take points away from regions where the

flow is constant to save computational costs. The use of adaptive procedures means

that reduced effort is required in generating the points; and accurate computation of

the smaller scales of the flow field can be made, especially when we do not have a-priori

information concerning the solution.

Some examples in the literature include Ref. [64], which uses an error indicator to

construct a list of points to be refined; additional points are then inserted to surround

each of the points in the list. This is used in conjunction with an increased order of

polynomial in the approximating function, to form the full hp-adaptivity technique.

Error estimates that use the difference in gradients at points and their neighbours

are also seen in Refs. [65] and [66]. The former adds the additional points using a

Voronoi/Delaunay technique; the latter adds points at the midpoint of the edge to be

refined. Instead of inserting and deleting points from the domain, one can alternatively

move the points around so that the errors in the estimators are minimised. This will

keep the computational costs constant between the refinement stages, as the points

gradually approach the vicinity of the important flow features. This movement is

generated using a spring analogy between the points in Ref. [67], while a reference

radius is adjusted in Ref. [68].
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The flexibility of meshless methods means that they can be used alongside other

CFD techniques. One such example is in the enforcement of boundary conditions for

embedded boundary systems: these systems arise in the use of non-conforming grids.

The most common type of grid used is the Cartesian mesh due to ease of generation,

low storage requirements and low operation counts per cell compared to body-fitted

grids; also, the lack of skewness and distortion of the cells often leads to improved

convergence properties. The use of such grids means that the cells will often extend

through the surface of solid components. In finite volume boundary embedded schemes,

this problem can be overcome by the use of cut-cell methods. These methods can be

very complicated, and lead to extremely small cells near the boundary, which may

not be ideal. Instead, one can use the meshless method to implement the boundary

conditions, which is much simpler. Reference [69] uses such a scheme to impose inviscid,

slip boundary conditions on aerofoils: a simple finite difference numerical method is

used on the Cartesian nodes, and the surface points have meshless stencils formed from

the points making up the intersected cells. Additional points can be added in the

sparse regions between the boundaries and Cartesian cells, formed as a result of the

intersection with the body geometry, to improve the stencil quality and resolution in

this region. Reference [70] presents a similar method to solve the Euler equations, but

a finite volume method is used on the Cartesian mesh, and a simpler meshless approach

is employed in discretising the surface.

In the schemes outlined above, only a small fraction of the computational domain

is meshless. As meshless methods are typically more computationally expensive than

finite volume methods, these techniques exploit the advantages of the meshless method,

but keep the costs low. To perform viscous calculations, however, it is not practical

to use solely unit aspect ratio Cartesian cells throughout the domain, as can be used

for inviscid calculations. For this reason, the boundary embedded scheme has been

extended to other methods, using more of a hybrid of meshless, and finite difference

or finite volume techniques to solve the Navier-Stokes equations. The meshless clouds

are preferred to resolve the viscous flow features, so there are more meshless layers

of points than with the boundary embedded schemes. The Upwind Least Squares

based Finite Difference solver [71, 72] is one of the few meshless solvers to solve the

Reynolds-Averaged Navier-Stokes (RANS) based turbulent flow equations; this is done

in Ref. [73] using a hybrid of body-fitted cells, Cartesian cells and points in which the

meshless computations take place. The body-fitted cells have very high aspect ratio

to capture the turbulent effects, so are only a few layers thick, the Cartesian cells are

generated in the inviscid region, and the meshless points are located in the interface.

A preprocessor stage is needed to cut holes in the domain where grids overlap other

grids and solid bodies; this preprocessor stage is also to classify each of the points, as

there are multiple solution methods involved. The points obtained from the body-fitted

grid use a Green-Gauss procedure to find the gradients, to overcome the difficulty of
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computing least squares derivatives on highly stretched point distributions; the points

from the Cartesian grid use a finite difference methodology to compute the derivatives

inexpensively; and a traditional, least squares meshless procedure is used on the points

that fall between the body-fitted and Cartesian point distributions.

Hybrid methods have also been used to solve three-dimensional flow problems. A

Singular Value Decomposition Generalised Finite Difference scheme [74] solves viscous

problems using meshless clouds generated from the boundary surfaces in successive

layers. The support nodes are selected simply by using the closest points contained

within the cells of the background Cartesian mesh, thus, the procedure can operate

across the different grid schemes. This method has been used further in Ref. [75] for

the problem of bodies undergoing large boundary movement, namely free falling and

rotating spheres: the Cartesian nodes remain stationary, while the meshless nodes move

with the motion of the bodies with which they are associated. A similar hybrid method

was used in Ref. [76]; in this paper, blocks of Cartesian grids were generated, inside

which a box is cut to contain the geometry of the problem. The box is then filled with

meshless points, generated from an unstructured grid generator; and transition points,

which form the vertices of the Cartesian cells next to the boundary of the meshless

region, provide the communication between the two regions. This solver format was

used to study a time-dependent, inviscid store release case.

1.4 Stencil selection

Some of the solvers and methods described above may, on first thought, seem contra-

dictory, since point distributions obtained from meshes are used to perform meshless

computations. One can argue, however, that meshes have strict requirements regarding

the domain decomposition, which is lost when a solver uses only the point locations:

the concept of the cell and volume, the fundamental parts of a mesh, are ignored by a

meshless solver (or the meshless part of a hybrid solver). The use of generated grids

for meshless computations means that there will be an adequate distribution of points

to resolve the geometric features that make up the problem. It also means that any

type of grid can be used by the meshless solver, irrespective of its topology; and the

quality of the grids is not as strict as for the finite volume solvers, so requirements

such as positive volume, orthogonality, smoothness and skewness are not an issue. As

mentioned, some of the difficulties associated with generation are alleviated further

when one generates points for a meshless computation around bodies, or components

of bodies, individually; the full point distribution is then obtained from combining these

point distributions. Nevertheless, some effort must still be expended in obtaining the

points; and, unless a generic, fully automatic point generation strategy is imposed, it

is not possible to completely harness the advantages of using a meshless solver.
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As well as obtaining the points for meshless methods, how the points form a con-

nectivity is also a concern. The stencils for each point used by the meshless solver take

the form of a set of neighbouring points on which the least squares approximations can

take place. The full connectivity obtained in the meshing process has been used in

many papers concerning meshless solvers; the most common way is to simply use the

nodes from neighbouring cells in the grid connectivity to form the stencils. The test

cases for which they are used are generally steady state problems for the purpose of

solver validation; the points are therefore stationary, and so there is no reason to change

the connectivity. Unsteady calculations with fixed grid connectivities are performed in

Ref. [77], in which an aerofoil is allowed to pitch and plunge within a fixed domain. The

points change position to accommodate this movement, though the stencil connectivi-

ties do not change due to the mapping used during the point movement. The motion

of the points during the simulation are very similar to those in the finite volume mesh

deformation method described earlier.

The main reason for the development of meshless methods, however, is for their

greater flexibility and freedom in the domain decomposition. This means that the points

that make up the domain would not start with a full connectivity; and so one would

need a method to establish the stencils for each point in a preprocessor stage. Therefore,

the problem of stencil selection is unavoidable if meshless methods are to satisfy their

purpose for practical CFD calculations, otherwise the more established finite volume

methods could be used instead. As the choice of points in a stencil can seriously affect

accuracy and cost, this process is crucial if the method is to be competitive with finite

volume methods. Despite its importance, the problem of appropriate stencil selection

is, unfortunately, one that has not been addressed a great deal in the literature [78].

The construction of the local clouds is not trivial, and, although some papers have been

published on this subject, which are to be discussed, there does not appear to be a fully

robust, efficient method for choosing the best stencils from any point distribution.

The points chosen for each stencil must be adequate for the least squares approxi-

mations to take place; so there must be a minimum number of points that make up the

clouds to result in an overdetermined linear system. The points must not be arranged

to give a singular least squares matrix: so they cannot be collinear in two-dimensions,

or coplanar in three-dimensions. One must also choose the points so that the functions

derived approximate the fluid flow accurately; for example, a boundary layer cannot be

resolved accurately if a point that lies inside the highly viscous region uses flow values

from points deep within the inviscid region of the flow in its stencil. Making sure that

this is not the case for random point distributions, particularly if they are not well

spread or isotropic, is very difficult.

Other issues include cost and automation. For any CFD problem in which the

bodies do not move, the stencil selection only has to be done once; as a result, there is

some scope for user input, and the choice of using a meshless method may be justified
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if the time taken to create the connectivity is less than the time needed to completely

mesh the problem. For use with time-dependent, moving-body problems, in which the

movement is not limited or known beforehand, the stencils will have to be selected after

each time step when the points move relative to one another. Therefore, there can be no

user input for such cases; and as many stencil selection processes must take place within

the course of a computation, the selection must be done quickly and automatically.

A simple quadrant procedure in two-dimensions is described in Ref. [46], in which

the closest points in each quadrant around a given point are chosen for the stencil.

This is an improvement on a very simple nearest neighbour approach; and ensures

that there are points in all directions around the point at which the flow variables

are calculated, which means that the resultant stencils will be well-conditioned. A

Delaunay triangulation of local candidate points is presented in Ref. [79], in which the

points that make up the triangles around the point (the first layer) are retained for

the stencil. This method is effectively a meshing procedure, with the stencils looking

similar to those of unstructured grids. Reference [80] uses a Gauss-Jordan pivoting

method on a set of points to select the best points so that the shape functions satisfy

the Kronecker-delta property

bij =

{
1 if i = j

0 if i ̸= j

This means that the consistency conditions and the partition of unity will be satis-

fied; though it means that the number of points in the stencil will always be equal to

the number of unknown coefficients in the function to be approximated. Stencils are

selected with the property of positivity for the Laplace operator in Ref. [81]; positive

stencils obey the POU of Eq. (1.3), and have a central local shape function coefficient

b(i)i that is negative, while the neighbouring coefficients are positive. This means that

the values of b(i)j in Eq. (1.2) are all positive; and so a local minimum cannot decrease,

and a local maximum cannot increase. These stencils lead to an M-matrix structure,

which is beneficial for linear solvers; however, there are necessary assumptions on the

point distributions that are made to ensure that positive stencils always exist. Geomet-

rically, this condition is a cone criterion, in which points must be contained within a

cone with a defined opening angle in whichever direction the cone points. If this is not

the case, then the points are defined as not distributed nicely, and positive stencils are

not guaranteed. A black box rule is given in Ref. [82] to select stencils of five points,

which are the nearest neighbours that satisfy a regularity restriction in the selecting

area. To do this, there are conditions which include restrictions on the collinearity of

the points, and whether these points lie on a defined quadratic curve.

The stencil selection methods described above can be classed as purely meshless

methods, as they attempt to select stencils from points which have no initial connec-
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tivity. Although this approach is ideal, the difficulties associated have lead to methods

that use some limited or initial connectivity as a guide to produce stencils: these ap-

proaches can be classed as semi-meshless. The hybrid schemes described in Section 1.3

use the body-fitted and Cartesian mesh connectivities to form the meshless clouds in

the interface, so fall into this category. Similarly, a method in which clouds are formed

using the cell structures of grids is given in Ref. [83]. The grids are overlapped fully

like in the Chimera method, and intersecting cells from each mesh form the stencils

that link them. The original connectivities are used throughout the rest of the domain

for the meshless solver. A set of lines eminating from boundary walls, defined as a

semi-mesh, is used in Ref. [84] as an aid in the stencil selection. These lines are used

to measure the orthongonality of the points; and a merit function is used that balances

the point distances and this orthogonality, to rank the neighbouring candidate points

as the best to form the stencil.

As noted in Ref. [85], the type of stencils selected should depend on the equations

that are to be solved; and so a stencil selection algorithm should be developed, for a

specific set of equations, with this in mind. The reference, for example, uses the Laplace

operator, which is isotropic, so the stencils should mimic this property; however, such

stencils could cause instabilities if a hyperbolic class of equation is to be solved, and

other stencil methods are preferable. The Navier-Stokes equations are not isotropic;

and so the use of isotropic point distributions (or those with near unit aspect ratio)

are not practical to solve them. Instead, the point distributions are anisotropic in

regions near the boundary wall or in the wake, to capture high gradient flows efficiently;

consequently, a stencil selection algorithm that is to be used to solve the Navier-Stokes

equations should be developed with point distributions of this sort in mind. It means

that classic nearest neighbour algorithms (or variants of) are generally not sufficient for

the task of selection over the entire domain. This poses difficulties regarding the efficient

selection of accurate, well-conditioned stencils on such point distributions, which this

thesis proposes to address.

1.5 Aim of work and outline of thesis

The aim of this work is the development of a CFD technique for the simulation of

moving-body flows. The meshless method is used to solve the flow equations globally

on a domain consisting of overlapping point distributions, which have been generated

around each of the bodies independently. These point distributions are used to solve the

Navier-Stokes equations, so are anisotropic in form. Using overlapping point distribu-

tions, which are obtained from structured grids, means that there should be a sufficient

number of points around the bodies to resolve the flow; and moving-body cases can

be simulated by moving the input domains belonging to the bodies individually. The

stencils are constructed for the solver at each time step using a method that uses the
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initial connectivity of the individual point distributions as a guide, so the method can

be classified as semi-meshless; though the method is not a hybrid method, and putting

precedence on a single grid, or regions of several grids is not performed. For this work,

we also avoid adding, moving or removing points from the domain to achieve the sten-

cils. The majority of the work presented is with regards to the development of a new

code at the University of Liverpool that has been written partly for the purpose of

solving multibody problems, called Parallel MeshLess (PML) [86–91]. This thesis is

divided into two parts, for each of the main functions of the code: Part I consists of

Chapters 2, 3 and 4, and concerns the development of the meshless flow solver; Part II

consists of Chapters 5 and 6, and concerns the stencil selection method and application

to multibody systems.

Chapter 2 outlines the Navier-Stokes equations, which are the governing equations

of fluid dynamics that are solved in this work. The spatial discretisation of these

equations using the meshless method is described: the method closely resembles the

finite point scheme mentioned earlier, in that the meshless approximation takes the

form of a polynomial function, which is found using a weighted least squares method.

The calculation of the shape functions that are used to find the flux derivatives, and

the method of enforcement of the required boundary conditions is described.

Chapter 3 presents the temporal discretisation and the method of integration to

solve the differential equations provided by the meshless discretisation. The equations

are solved implicitly using an iterative, preconditioned Krylov subspace method with

approximate, analytical Jacobian matrices. The parallelisation of the solver, so that

calculations can run on several computers, is also described.

Chapter 4 concerns validation to build confidence in the PML flow solver. Standard

inviscid, laminar and turbulent test cases for various steady and unsteady flows are

computed in two and three-dimensions; and the results are compared with experimental

data and other finite volume CFD solvers.

Chapter 5 presents the stencil selection method that is used to create the connectiv-

ity between the points that is used by the meshless flow solver for multibody systems.

The algorithm is described for two and three-dimensional cases; and is designed to

select robust stencils from any point distribution, regardless of their relative positions

and form. The novel concept of the resolving vector for accurate resolution of the flow

features is used for this purpose, and is applied to various steady state problems.

Chapter 6 uses the stencil selection method of Chapter 5, and is applied to multi-

body systems in which some of the bodies are moving in time-accurate computations.

The additional complexities of simulating flows with moving-bodies, such as point ve-

locities and solution interpolation, are described; and the method is tested finally by

simulating a store release from a fighter aircraft in three-dimensions, which was the

target application of this work.
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Part I

Meshless Flow Solver

17





Chapter 2

Spatial Discretisation

2.1 Navier-Stokes equations

The governing equations of fluid dynamics considered are the Navier-Stokes equations.

These equations are derived from the principle of conservation of mass (continuity),

momentum (Newton’s second law) and energy (the first law of thermodynamics) of the

fluid. For a Newtonian, isotropic fluid with no heat sources, body forces or volumetric

heating, the Navier-Stokes equations can be written, for density ρ, components of

Cartesian velocity ui and total energy E, in differential, conservative form as

∂ρ

∂t
+
∂(ρui)

∂xi
= 0

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
+
∂p

∂xi
=

∂τij
∂xj

∂(ρE)

∂t
+

∂

∂xj
[uj(ρE + p)] =

∂

∂xj
(uiτij − qj) (2.1)

where t is the time, p is the pressure, τij is the viscous stress tensor and qi is the heat

flux vector. Respecting Stokes’ hypothesis for an isotropic, Newtonian fluid, the viscous

stress tensor can be written in component form as

τij = µ

[(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3
δij
∂uk
∂xk

]
where µ is the coefficient of viscosity (dynamic viscosity) and δij is the Kronecker delta

symbol. The heat fluxes can be obtained using Fourier’s law of thermal conduction,

which states that

qi = −κ ∂T
∂xi

where κ is the thermal conductivity and T is the temperature. To close this system of

equations we can use the equation of state for a perfect gas, which assumes that there

19



are no intermolecular forces

p = ρRT

where R is the universal gas constant. If the gas is assumed to be a calorically perfect

gas, then the following relations are valid

CvT =

(
E − 1

2
uiui

)
γ =

Cp

Cv
Cv =

R

γ − 1
Cp =

γR

γ − 1

where Cv is the specific heat at constant volume, Cp is the specific heat at constant

pressure and γ is the ratio of specific heats, which is set to be 1.4 for air.

These equations can be written with the variables given in dimensionless form,

obtained by applying reference freestream values of the variables (denoted with the

subscript ∞), as well as a characteristic length scale of the problem. The dimensionless

parameters are the freestream Mach number M∞, the Reynolds number Re and the

Prandtl number Pr. These parameters are obtained from

M∞ =
u∞√
γRT∞

Re =
ρ∞u∞L

µ∞
Pr =

Cpµ∞
κ∞

where L is a reference length scale and κ is the thermal conductivity; the Prandtl

number is 0.72 for air.

The coefficients of viscosity and thermal conductivity can be related to the thermo-

dynamic variables using kinetic theory. For example, Sutherland’s formula gives the

viscosity, from which the thermal conductivity can then be obtained

µ = µ∞

(
T

T∞

) 3
2 T∞ + 110.4

T + 110.4
κ =

Cpµ

Pr

This system of equations is now mathematically closed, and can be solved provided

that appropriate boundary conditions are supplied. An adiabatic, no-slip boundary

condition is applied at solid surfaces. This means that the velocity is zero on the solid

wall, and there is no heat flux through the normal of the wall. As the flows of concern

are external flows, the outer boundaries are set to uniform freestream values.

2.1.1 Reynolds-averaged Navier-Stokes equations

When the Reynolds number is sufficiently low, the fluid flows with no disruption be-

tween layers: this type of flow is called laminar. As the Reynolds number is increased,

the flow becomes unstable and transitions to a turbulent flow. Turbulence has a range

of scales that are linked to structures in the flow called turbulent eddies. Resolving all

of these turbulent scales, even for the simplest turbulent flow, exceeds available com-

puting power by orders of magnitude [92]; therefore, appropriate simplifications must

be considered.
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In a turbulent flow, the flow variables fluctuate around mean values; as such, one

can present the instant flow variables as the sum of a mean flow value and a fluctuating

part

ϕ = ϕ+ ϕ′

An averaging process is introduced in order to obtain the laws of motion for the mean,

turbulent quantities. Methods of averaging include time, spatial and ensemble aver-

aging. The most common method is time averaging, for which the mean flow value is

defined as

ϕ = lim
∆t→∞

1

∆t

∫ t+∆t

t
ϕdt

In practice ∆t → ∞ means that the integration time ∆t needs to be long enough

relative to the maximum period of the assumed fluctuations; hence, the assumption is

made that the unsteady phenomena of fluid dynamics to be modelled have frequency

ranges outside the frequency range of turbulence. By time averaging the Navier-Stokes

equations in such a manner, the Reynolds-Averaged Navier-Stokes (RANS) equations

are obtained. For compressible flows the averaging process leads to fluctuations between

ρ and other variables. In order to avoid their explicit occurence, a density-weighted

Favre average can be introduced

ϕ = ϕ̃+ ϕ′′

where ϕ̃ and ϕ′′ are defined such that

ϕ̃ =
ρϕ

ρ
ρϕ′′ = 0

This will remove all additional products of density fluctuations with other fluctuating

quantities. Performing this averaging on the Navier-Stokes equations leads to

∂ρ

∂t
+
∂(ρũi)

∂xi
= 0

∂(ρũi)

∂t
+
∂(ρũiũj)

∂xj
+
∂p

∂xi
=

∂

∂xj
(τij + τRij )

∂(ρE)

∂t
+

∂

∂xj
[ũj(ρE + p)] =

∂

∂xj
(ũi(τij + τRij )− (qj + qRj )) (2.2)

where τRij is the Reynolds stress tensor and qRj is the turbulent heat flux. The additional

terms, τRij and qRj , consist of products of the fluctuating components; the presence of

these components is the cause of the closure problem of turbulence. Following the eddy

viscosity hypothesis, which is a first order closure model, and Boussinesq’s Approxima-

tion, the Reynolds stress tensor can be formulated as

τRij = µt

[(
∂ũi
∂xj

+
∂ũj
∂xi

)
− 2

3
δij
∂ũk
∂xk

]
− 2

3
ρδijk
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where µt is the turbulent eddy viscosity and k is the specific turbulent kinetic energy.

Similarly, the turbulent heat flux vector can be modelled by

qRj = −κt
∂T

∂xj

where κt is the turbulent thermal conductivity, given by

κt =
µtCp

Prt

where Prt is the turbulent Prandtl number, which is a constant set to 0.9.

Introducing these expressions into the RANS equations, Eq. (2.2), leads to a system

that is formally identical to the Navier-Stokes equations, with µ, κ and p substituted

with an effective viscosity µe, effective thermal conductivity κe, and modified pressure

p∗, given by

µe = µ+ µt

κe = κ+ κt

p∗ = p+
2

3
ρ̄k (2.3)

Neglecting the turbulent terms µt and k, leads to the Navier-Stokes equations for

laminar flows. It only remains to obtain relations for the turbulent terms as a function

of the mean flow quantities; this is done through the use of a turbulence model. Such

models are generally based on theory and empirical information; and the first order

models can be classified according to the number of additional equations used. Many

turbulence models are available [93]; though in this work the one equation Spalart-

Allmaras model [94] is used, in which a single transport equation is solved for a quantity

ν̃, which is closely related to the eddy viscosity; the terms involving k are neglected.

2.1.2 Euler equations

The Euler equations, which constitute the highest inviscid modelling level, are obtained

by neglecting the shear stresses and heat conduction terms from the RANS equations

∂ρ

∂t
+
∂(ρui)

∂xi
= 0

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
+
∂p

∂xi
= 0

∂(ρE)

∂t
+

∂

∂xj
[uj(ρE + p)] = 0 (2.4)

In constrast to the Navier-Stokes equations, these equations are a set of first order

partial differential equations. This means that the number of allowable boundary con-
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ditions is modified. For the Euler equations there is only no normal component of

velocity on the solid walls.

2.1.3 Domain discretisation

The form of the Navier-Stokes equations solved in this work include the following:

• laminar Navier-Stokes Equations in non-dimensional form, Eq. (2.1);

• RANS Equations in non-dimensional form, Eq. (2.2);

• and Euler Equations in non-dimensional form Eq. (2.4).

For ease of notation, these equations can be written in a simpler vector form

∂w

∂t
+∇.(f i − fv) = 0 (2.5)

where w is the vector of conserved variables, f i is the inviscid flux vector and fv is the

viscous flux vector. These vectors and a summary of the Navier-Stokes equations are

given in Appendix A.

In order to carry out a computational simulation of the non-linear partial differential

equation in Eq. (2.5), a numerical discretisation is needed to transform it to a set of

algebraic equations that can be solved. In finite volume methods the integral form of

the Navier-Stokes equations is solved; and discretisation is achieved through the use of

a mesh, which divides the domain Ω into a set of non-overlapping control volumes or

cells Ωi, i = 1, . . . , N , where N is the number of cells. The discrete form of the integral

in each cell is given by

d

dt
(Ωiw) +

∑
j

(f i − fv).nijds = 0 (2.6)

where the sum of the flux terms refers to the internal sides (denoted s) of the control cell

Ωi, and nij is the associated outer normal vector. This discretisation means that the

flux leaving one cell must enter the adjacent cell, and as such conservation is ensured.

It is for the user to decide exactly how the computational domain is to be split

into the various cells; some of the problems associated with mesh generation and their

application in moving-body simulations have been outlined in Chapter 1. The meshless

method is used in this thesis, which instead uses points to discretise the domain. These

points must be located to efficiently resolve the flow features of the problem to be solved;

so to solve the viscous Navier-Stokes equations the point distributions are required to

be very stretched, or anisotropic, to capture boundary-layers and wake regions. The

method of determining functions to approximate the flow variables as solution to the

various forms of the Navier-Stokes equations are presented in the subsequent sections

of this chapter.
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2.2 Meshless method

2.2.1 Overview of the meshless method

An open bounded domain Ω ∈ RD is discretised by a set of N points, distributed

throughout Ω. To each point xi, i = 1, . . . , N we assign a subdomain, often called a

stencil or cloud Ωi, which contains xi, called the “star point” of the subdomain, and a

set of (ni − 1) neighbouring points, which we label j. One may use all available data

points to construct each subdomain, but for the purpose of efficiency it is reasonable

to select some small subset of data points in the neighbourhood of i, so that
∑N

i=1Ωi

represents a covering of Ω. The properties of the local stencils, both required and

ideal, are outlined in Chapter 5, which concerns the selection of stencil points from

overlapping point distributions.

Assuming that we are given data {(xi, ϕ(xi))}Ni=1 ⊂ RD at each of these point data

sites, where ϕ is some (smooth) function, we seek a local discretised or approximated

solution ϕ̂ of the function ϕ within Ωi. The choice of space of ϕ̂ is a vector space with

simple basis. There are m basis functions, which we use to approximate the function

ϕ using a linear combination of these basis functions represented by

ϕ̂(xj) =
m∑
k=1

p(xj)kαk = pTα ∀xj ∈ Ωi (2.7)

where α is the local vector of coefficients that must be determined, and p is the vector

of base monomials at each point j within the subdomain. The function ϕ̂ thus takes

the form of a simple polynomial, so if a linear basis, such that m = 3, is chosen for

two-dimensional calculations, then

p(xj) = {1, xj , yj}T

α = {α1, α2, α3}T

A bilinear polynomial, such that m = 4, is obtained by inclusion of the cross term

p(xj) = {1, xj , yj , xjyj}T

α = {α1, α2, α3, α4}T

Finally, if a quadratic basis is chosen, then m = 6, and so

p(xj) = {1, xj , yj , xjyj , x2j , y2j }T

α = {α1, α2, α3, α4, α5, α6}T

The vectors in three-dimensions follow in the same way, with the inclusion of the z

component. When the required basis is chosen, we must solve a linear system of ni
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equations for α in each subdomain, given by

ϕ̂(ni×1) = X(ni×m)α(m×1) (2.8)

where X is formed from the vectors of base monomials

X = {p(x1),p(x2), .....,p(xni)}T

Note that Eq. (2.8) consists of a matrix of known elements and two vectors of unknowns.

The coefficients needed to form ϕ̂ within Ωi are obtained by imposing the condition

ϕ̂(xj) = ϕ(xj) ∀j ∈ Ωi (2.9)

so at each of the nodes within the cloud, we require the approximation function to give

the exact values of ϕ. To find the coefficient vector we require ni ≥ m, so we have at

least as many equations as unknowns: this results in a well posed problem; otherwise,

an infinite number of functions would be able to approximate the data equally well.

An overdetermined system, such that ni > m, is preferred; so we effectively have to

calculate the surface of best fit for the local values of ϕ(xj) ∈ Ωi. The use of an over-

determined system means, however, that the local values of the approximating function

will not fit the values of ϕ(xj) at the data points: not even for the star point. More

formally, it does not possess the delta property, that is

ϕ̂(xj) ̸= ϕ(xj) j ∈ Ωi

The function that best approximates the exact vales at the data sites will be that for

which the residual, which is the difference between ϕ and ϕ̂ measured in the L2 norm,

is a minimum. This is the least squares problem, which can be solved either by using

singular value decomposition (SVD), or by solving the normal equations, which are

written as

XTXα = XTϕ (2.10)

The matrix XTX is called the least squares matrix; some of its properties, and the

derivation of the normal equations, are given in Appendix B. The notation of the

normal equations will be used in this chapter to outline the meshless method.

2.2.2 Weighting

For more accurate results, each of the equations within the system must be properly

weighted so that the least squares approximation is enhanced in the vicinity of the star

point. This means that points further from the star point have less influence on the

approximation than those that are closer. For continuity, we should define the weight
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function so that it will go to zero smoothly outside the subdomain. The weighting

function must then be continuous and differentiable in Ωi

wi(xj) > 0 ∀xj ∈ Ωi

wi(x) = 0 ∀x ∈ Ω\Ωi

wi(xi) = 1

In this work, a normalised Gaussian function [55], which was used for finite point

methods in Ref. [52] and the works following, is used, which is defined by

wi(xj) =
e−(di/κ)

2

− e−(β/κ)2

1− e−(β/κ)2
(2.11)

where di = |xj − xi|2; and β = γdmax and κ = β/ω are constants. Introducing the

weights into the system means that we effectively alter the least squares problem, and

so Eq. (2.10) becomes

XTWXα = XTWϕ (2.12)

where W = diag(wi(xj)). The significance of these constants was explored in Ref. [55].

The parameter γ increases or decreases the size of the support of the weighting function.

It has only a small effect on the approximation when ni ≈ m; and this effect becomes

negligible when this number is increased; thus, the parameter is set to a constant value

γ = 1.01 throughout the domain. The parameter ω, however, can modify the local

character of the least squares matrix obtained; it is plotted for three values in Fig. 2.1.
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Figure 2.1: Effect of parameter ω on
the weighting function Eq. (2.11) with
γ=1.01.

As ω is increased, the function tends to-

wards the Dirac delta function, and so the

contribution from the neighbouring points

in the stencil becomes less; consequently,

the numerical error decreases, while the

least squares matrix becomes more ill-

conditioned. There is a threshold beyond

which the ill-conditioning becomes rele-

vant, which occurs at ω ≈ 5, though the

exact value is different for each stencil; if ω

is greater than this value then it becomes

impossible to solve the normal equations.

As a result, the range for ω recommended

in Ref. [55] is 3.0 ≤ ω ≤ 4.5; and so, in this

work, ω = 3.1 which is within this range. Weighting is also beneficial to the conver-

gence of the implicit, linear system, which is discussed in Chapter 3, as it improves the

conditioning of the matrix by reducing the influence of the off-diagonal terms.
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2.2.3 Shape function

The matrix XTWX is symmetric and positive-definite (Appendix B); this property

can be exploited by the use of a Cholesky decomposition to solve Eq. (2.12). This is

an efficient, stable matrix algorithm, which requires no pivoting, and is about a factor

of two faster than alternative methods for solving linear systems due to the matrix

symmetry [95]. The matrix is decomposed into the product of a lower triangular matrix

and its transpose; a back substitution is then performed to obtain the solution.

If the solution α can be found accurately enough (that is, the matrix is well-

conditioned) then the approximate function, from Eqs. (2.8) and (2.12), can be written

ϕ̂ = Xα

= X(XTWX)−1XTWϕ

= Nϕ

where N is an (ni × ni) matrix, which determines the approximate function for each

point in the cloud.

As one point within the subdomain can belong to several other overlapping sub-

domains, each of these subdomains can yield different shape functions for the same

point; thus, we only find the approximate function ϕ̂ at specific regions within each

subdomain. Using point collocation we in fact limit the validity of the interpolation

within the subdomain to only the star point [55], as opposed to every point in the

stencil. Then, using Eq. (2.12) in Eq. (2.7), so the approximation is only at the star,

the approximation within the stencil can be written

ϕ̂i(xi) = pT
i (xi)α

= pT
i (xi)(X

TWX)−1XTWϕ

= Ni(xi)ϕ (2.13)

where Ni is a (1× ni) vector called the shape function of point xi ∈ Ωi. Note the sim-

ilarity of Eq. (2.13) to Eq. (1.1) for determining approximate functions using meshless

methods; the non-reciprocal nature mentioned in Chapter 1 holds for Eq. (2.13).

The shape function is of fundamental importance in the meshless method; it is

unique for the star point within each subdomain Ωi, and can be written explicitly as

Ni = pT (XTWX)−1XTW (2.14)

The shape function is dependent only on the relative position of the points, so if the

geometry of the points remains the same, as is the case for stationary problems, then

it is sufficient to calculate Eq. (2.14) once and store the values in data structures to

reduce the computational costs.
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2.2.4 Mapping

It is possible for the conditioning of the least squares matrix to be very poor, which

can lead to inaccuracies in the shape function computation. This is especially true if

the stencils are highly stretched in nature. The aspect ratio for some stencils can be

of size 10−3–10−6, which are necessary to capture the flow features that occur in fluid

dynamics, as mentioned in Section 2.1.3. Furthermore, recall that the weights reduce

the influence of points within the stencil that are further away from the star point. For a

highly directional stencil, this can make the influence of several of the points negligible,

which can result in an approximation equivalent to ni < m, with the remaining points

lying in a straight line: resulting in a singular least squares matrix. We can resolve this

by mapping the stencil distribution to a new computational domain, finding the shape

functions, and then mapping back to the physical domain.

The new computational domain for the stencil is obtained by translating the cloud

so that the star point is located at the origin. We then measure the distance between

the star point and each of its neighbours, located at x′ along each of the coordinate

axes, and store the largest absolute values; these are denoted Rx, Ry and Rz. The

coordinates within the stencil are then normalised within a new coordinate system ζ,

such that

ζ1 =
x′

Rx
ζ2 =

y′

Ry
ζ3 =

z′

Rz

The shape functions are then computed in this system to give

Ni(ζj) = pT (ζj)((X
TWX)−1XTW )(ζj)

where the weighting function within these matrices is written

wi(ζj) =
e
−
(

di
κ

)2

− e−(
β
κ)

2

1− e−(
β
κ)

2

where di =
√
ζ21j + ζ22j + ζ23j . This system will be much easier to solve, and will improve

the conditioning of the least squares matrix. When the solution is obtained, the shape

function derivatives are then mapped back to the physical domain to give Eq. (2.14)

for use by the solver.

2.2.5 Derivatives of the approximated function

To solve a partial differential equation in the form of a conservation law, we need to

use the meshless method to compute the derivatives of the functions. This is done

by applying derivatives to the polynomial obtained using the least squares method,

and assigning these polynomial derivatives as approximations to the derivative of the

function. Using the Einstein summation notation and applying the product rule directly
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to Eq. (2.13), we can write that for each star point xi ∈ Ω, the following approximation

for the derivative of ϕ̂i with respect to x is

∂ϕ̂i
∂x

=
∂

∂x
(N(i)jϕj)

=
∂

∂x

{
N(i)j

}
ϕj

=
∂

∂x

{
p(i)k((X

TWX)−1XTW )kj
}
ϕj k = 1, ....,m

=
∂

∂x

{
p(i)k

}{
((XTWX)−1XTW )kj

}
ϕj +

{
p(i)k

} ∂

∂x

{
((XTWX)−1XTW )kj

}
ϕj

≈ ∂

∂x

{
p(i)k

}{
((XTWX)−1XTW )kj

}
ϕj

= ((XTWX)−1XTW )2jϕj

= b(i)jϕj (2.15)

where bi represents the (1×ni) shape function derivatives with respect to x at i. Note

that we have simplified the approximation and computational cost considerably by

assuming that the matrix X is constant in Ωi. This distinguishes the method from the

moving least squares approach, and is often called the fixed least squares approach [52].

The functions obtained are now discontinuous, and hence the consistency conditions

(see next section) can only be satisfied for a point within the subdomain of which it is

the star point [55]. This is in keeping with the point collocation method as described

in Section 2.2.3. The derivatives with respect to y and z follow in the same way; hence,

the approximate function derivatives using the meshless method can be obtained from

∂ϕ̂i
∂x

=
∑
j∈Ωi

b(i)jϕj
∂ϕ̂i
∂y

=
∑
j∈Ωi

c(i)jϕj
∂ϕ̂i
∂z

=
∑
j∈Ωi

d(i)jϕj (2.16)

where ci and di are the shape function derivatives with respect to y and z at i re-

spectively. The similarity of these equations to Eq. (2.13) means that the terms shape

function and shape function derivatives are often used interchangably in meshless works.

2.2.6 Partition of unity

We can show that the shape function Ni is a partition of unity function, which allows

us to patch together the approximate functions ϕ̂i found within each subdomain locally,

to give a global solution [64]. If this is the case, then within each subdomain Ωi we

choose an approximation space V, then a function ϕ can be approximated within Ωi by

a local approximant pi(xj) ∈ V ; the local approximants are put together by forming

pi(x) =

ni∑
j=0

pi(xj)N(i)j(x) (2.17)
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The partition of unity means that any function of order k in the basis, complete in the

polynomials of order k, can be reproduced exactly. In the literature this is referred to

as the “consistency” of the approximation [45]. For example, if the basis is linear then

the shape functions will satisfy linear consistency; without this condition we would not

be able to form a global approximation within the entire domain Ω. The proof is from

Ref. [64], and follows straight from the explicit form of the shape function in Eq. (2.14),

which we state as

ni∑
j=0

pi(xj)N(i)j(x) =

ni∑
j=0

pi(xj)
m∑

k,l=1

pl(x)A
−1
lk (x)pk(xj)

=

m∑
k,l=1

ni∑
j=0

pi(xj)pk(xj)A
−1
lk (x)pl(x)

=
m∑

k,l=1

Aik(x)A
−1
lk (x)pl(x)

= pi(x)

as required by Eq. (2.17). Polynomials are used in the definition of the approximating

functions, and from Section 2.2.1 we can see that 1 ∈ pi(xj). This zero order polynomial

(m = 1) implies that
ni∑
j=0

1.N(i)j(x) =

ni∑
j=0

N(i)j(x) = 1

which is the partition of unity property often quoted 1. It can be shown that any

function which appears in the basis can be reproduced exactly.

To compute derivatives of ϕ̂i, the shape functions must satisfy the partition of nullity

to ensure k order consistency, for which the following condition must be satisfied

ni∑
j=0

∂kN(i)j(x)

∂xk
pi(xj) =

∂kpi(x)

∂xk

Using the notation from the previous section, with a first order derivative, so that

k = 1, then
ni∑
j=0

b(i)jpi(xj) =
∂pi(x)

∂x

Once again if we use the case 1 ∈ pi(xj), as above, then

ni∑
j=0

b(i)j .1 =

ni∑
j=0

b(i)j = 0 (2.18)

1That the set of functions pi(x) ∈ C∞ is also a property, however, this is not essential in constructing
meshless approximations; in fact we have already shown that the functions are not continuous.
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This property must be correct for a meshless approximation to be made; for example,

if we consider a constant function within a stencil, then all of the points have the same

value of ϕ, then from Eq. (2.16) and Eq. (2.18)

∂ϕ̂i
∂x

= ϕj

 ni∑
j=0

b(i)j

 = 0

which means that the spatial derivatives will be zero for this stencil, as required.

Equation (2.18) means that the following relation for the shape function derivative

at the star point holds

b(i)j = −
∑
j ̸=i

b(i)j

This means that we can reduce the dimension of the least squares matrix by one, by

neglecting the zero order polynomial term. This method reduces the computational

costs of the scheme, which is particularly important if higher order polynomials are to

be used, or there are repeated shape function calculations as is the case in moving-body

simulations.

2.3 Discretisation of the Navier-Stokes equations using

the meshless method

2.3.1 Evaluating the inviscid flux

The Euler equations are a simplification of the full Navier-Stokes equations, formed

by removing the viscous and heat-conduction terms. They are a set of hyperbolic

conservation laws, which can be written in conservative form and Cartesian coordinates

as
∂w

∂t
+
∂f(w)

∂x
+
∂g(w)

∂y
+
∂h(w)

∂z
= 0 (2.19)

where w denotes the vector of conserved variables, which is to be determined, and f ,

g and h are the inviscid flux vectors. To solve this system using the meshless method,

we write Eq. (2.19) for each local subdomain i in discrete form, using Eq. (2.16) to

approximate the spatial flux derivatives, such that

dwi

dt
= −

∑
j∈Ωi

(
b(i)jfj + c(i)jgj + d(i)jhj

)
This form of the discretisation is centred, and as such is unstable for use with hyperbolic

partial differential equations, for which information propagates along characteristics.

Stability is obtained if we use an upwind scheme for the flux functions defined halfway

between the star point i and the neighbouring point j (analogous to the flux at the
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face of a control volume in a finite volume scheme), at j− 1
2 ; this leads to an equivalent

discrete expression

dwi

dt
= −

∑
j∈Ωi

(
b(i)j− 1

2
fj− 1

2
+ c(i)j− 1

2
gj− 1

2
+ d(i)j− 1

2
hj− 1

2

)
(2.20)

From Eq. (2.20) we can see that the non-reciprocal nature of the shape function deriva-

tives means that conservation is not ensured in the same way as for finite volume

methods.

Instead of computing the flux at i and j directly, the computation at the location

halfway across the edge can be seen as an interface between the flux values at i and those

at j, which are approximated as constant. The flux is calculated by solving a Riemann

problem [96]. The Riemann problem can be solved approximately using Osher’s method

[97], which has the convenient property of being continuously differentiable, or Roe’s

method [98] with an appropriate entropy correction, for which the mid-point flux is

written as

fj− 1
2
=

1

2
(f(pL) + f(pR))−

1

2

∣∣∣Ã(pL,pR)
∣∣∣ (pR − pL) (2.21)

where Ã is the Roe averaged Jacobian matrix, and pL and pR are the vectors of

primitive variables at the left and right hand sides of the interface at the halfway

position. For a first order scheme the left and right states are simply the values of the

flow variables located at the star and neighbouring points

ϕL = ϕi

ϕR = ϕj (2.22)

Denote the number of points that the local flux depends on as M(i); then for a first

order scheme M(i) = ni. Practical engineering calculations, however, generally require

at least second order spatial accuracy, which is achieved in the same way as in many

unstructured finite volume codes [99]. The left and right states of the Riemann problem

are obtained by extrapolating the values at i and j, based on a reconstructed gradient

given by

ϕL = ϕi + ψisij .∇ϕi
ϕR = ϕj − ψjsij .∇ϕj (2.23)

where sij = 1
2(xj − xi). These gradients are calculated at each point using the shape

functions of Eq. (2.16), so are not evaluated halfway across. Using this scheme, the

flux now depends on the stencils of the neighbouring points as well (as they form ∇ϕj),
so M(i) > ni. To counter oscillations near discontinuities, flux limiters, ψi and ψj ,

are used, which bound the reconstructed function of each flow variable between the
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extreme values within the stencil by reducing the scheme to first order whenever these

oscillations may occur; there are several limiters available for use in this work.

The Barth-Jespersen limiter [100] was the first limiter used for unstructured grids;

the formulation is as follows

1. Find the largest negative (δϕmin
i = minj∈Ωi(ϕj − ϕi)) and positive (δϕmax

i =

maxj∈Ωi(ϕj − ϕi)) difference between the solution at the points j ∈ Ωi and the

star point i of the current stencil.

2. Compute the unconstrained reconstructed value at each point (ϕij = ϕi+sij .∇ϕi).

3. Compute a maximum allowable value of ψij for each point

ψij =


min(1,

δϕmax
i

ϕij−ϕi
), if ϕij − ϕi > 0

min(1,
δϕmin

i
ϕij−ϕi

), if ϕij − ϕi < 0

1, if ϕij − ϕi = 0

4. Select ψi = min(ψij)

This limiter is very strong and prevents new local extrema being formed during re-

construction; however, it is non-differentiable, which can have an adverse effect on the

convergence rate of the solver. For this reason the Venkatakrishnan limiter [101] is also

available, which is a smooth alternative to the Barth-Jespersen limiter and is stated as

follows

ψi =
(∆+

j )
2 + 2∆+

j ∆
−
j + β

(∆+
j )

2 + 2(∆−
j )

2 +∆+
j ∆

−
j + β

where ∆−
j = sij .∇ϕi and, using the same notation as step 1 for the Barth-Jespersen

scheme,

∆+
j =

{
δϕmax

i − ϕi, if ∆−
j > 0

δϕmin
i − ϕi, if ∆−

j < 0

The parameter β = (κh)3 is a constant for each stencil, where h can be taken to be

the minimum length in the stencil connectivity, and κ is a tunable parameter that

determines the amount of limiting, with a larger value causing less limiting. Tests

with PML, and in agreement with Ref. [58], show that κ = 3 gives the best results.

Finally, the Van Albada limiter, commonly used with MUSCL type schemes in meshless

solvers [79], is implemented, for which ψ takes the form

ψi = max

{
0,

2∆−
i (ϕj − ϕi) + ϵ

(∆−
i )

2 + (ϕj − ϕi)2 + ϵ

}
ψj = max

{
0,

2∆+
j (ϕj − ϕi) + ϵ

(∆+
j )

2 + (ϕj − ϕi)2 + ϵ

}
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where ϵ is a small tolerance included to prevent division by zero, which can occur in

smooth regions of flow; and ∆−
i and ∆+

j are forward and backward difference operators

given by

∆−
i = 2sij .∇ϕi − (ϕj − ϕi)

∆+
j = 2sij .∇ϕj − (ϕj − ϕi)

This limiter is free of parameters, and there is no need to evalutate minimum and max-

imum values as is required in the other two limiters stated; however, it is slightly more

dissipative. The results presented in this thesis use the Barth-Jespersen limiter for cal-

culations in two-dimensions, while the Van Albada limiter is used in three-dimensions;

the reasons for this will be seen in Chapter 4.

2.3.2 Evaluating the viscous flux

The Navier-Stokes equations require the addition of the viscous fluxes to the Euler

equations; thus, Eq. (2.19) is modified to

∂w

∂t
+

∂

∂x
(f − fv) +

∂

∂y
(g − gv) +

∂

∂z
(h− hv) = 0 (2.24)

where fv, gv and hv are the viscous fluxes in the x, y and z directions. In some respects

the discretisation of the viscous terms is not as problematic as for the inviscid terms, as

they are parabolic in nature, and so do not require any upwinding. Instead, a variation

on the central difference scheme is sufficient for these terms. To calculate the fluxes at

the interface between the points, the flow variables are simply averaged

ϕij =
1

2
(ϕi + ϕj)

Unlike the inviscid fluxes, which contain only the flow quantities, the viscous fluxes also

contain the derivatives of the flow quantities, as seen in the stress tensors. There are

two ways to include these terms in the discretisation: one is to separate the inviscid

and viscous flux terms, and use second order derivatives obtained directly from the

least squares approximation in the stress tensor computations; the other is to use the

first order gradients directly in the tensors. The first method means that it is necessary

for the approximation polynomials to be of at least quadratic order in Eq. (2.7). As

such, the stencils must be larger for every point in the domain: there is no room for

flexibility. It also means that second order shape functions must be computed and

stored for use in calculating the additional second order gradients. Instead, the second

method is employed in this work, which is easier to implement and is more cost effective

to evaluate. The gradients used in the flux are obtained by a simple averaging of the
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gradients at i and j, to give the midpoint gradient

∇ϕij =
1

2
(∇ϕi +∇ϕj)

The advantage of this method is that the same gradient values as in Eq. (2.23) are used;

the disadvantage is that odd-even node decoupling is not suppressed. To overcome

this, the derivative quantities that appear in the viscous flux can be constructed using

a modified gradient [99], defined as

∇ϕij =
1

2
(∇ϕi +∇ϕj)−

[
1

2
(∇ϕi +∇ϕj) .

tij
|tij |

− ϕj − ϕi
|tij |

]
.
tij
|tij |

(2.25)

where tij = (xj − xi) is the vector joining points i and j. The flux derivatives of these

midpoint terms are then found by using the same shape function derivatives as for the

inviscid flux, evaluated halfway between i and j; hence, the meshless discretisation of

Eq. (2.24) is given by

dwi

dt
= −

∑
j∈Ωi

(
b(i)j− 1

2
(fj− 1

2
− fvij) + c(i)j− 1

2
(gj− 1

2
− gv

ij) + d(i)j− 1
2
(hj− 1

2
− hv

ij)
)
(2.26)

As the local flow variables and gradients at each point in the stencil are used to deter-

mine the viscous flux, then M(i) is the same as for the second order inviscid flux.

2.3.3 Evaluating the turbulence model terms

As discussed in Section 2.1.1, high Reynolds number flows are resolved by Reynolds-

Averaging the Navier-Stokes equations, with the addition of a turbulence model to

close the resultant system. The RANS equations are identical to the Navier-Stokes

equations, with µ, κ and p replaced by the corresponding effective terms given in

Eq. (2.3). Using these terms in the numerical scheme is the simplest way to introduce

turbulence through the RANS equations. The unknowns in Eq. (2.3) are evaluated

using the turbulence model, which in this work is the one-equation Spalart-Allmaras

(SA) model [94]. In this model, a transported quantity, denoted ν̃, is determined, from

which the eddy viscosity µt is calculated using the following relation

µt = ρν̃fv1

where

fv1 =
χ3

χ3 + c3v1
, χ =

ν̃

ν

and cv1 = 7.1 is a model constant. The quantity ν̃ can be determined from the equation

∂(ρν̃)

∂t
+∇.(ρν̃u− µte∇ν̃) = S (2.27)
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where S is the source term contribution and µte is the effective turbulent viscosity. The

effective turbulent viscosity is not the same as the mean flow effective viscosity µe; for

the Spalart-Allmaras model is it simply

µte =
1

σm
(µ+ µt)

where σm = 2
3 is another model constant. The terms within the divergence operation

of Eq. (2.27) can be viewed as flux contributions: the first being a convective flux, the

second being a diffusive flux. The convective flux is discretised using the same recon-

structed states between two points as for the inviscid flux of the mean flow equations

in Eq. (2.23). The flux function in the x direction may be written

f t,conv
j− 1

2

=
1

2
qij(ρiν̃i + ρj ν̃j)−

1

2
|qij |(ρj ν̃j − ρiν̃i)

where

qij =
1

2
(ui + uj).

The velocities in the y and z direction are used in qij to give the flux functions in

their respective directions. Meanwhile, the diffusive flux uses averaged values between

the points as in Eq. (2.25), which is the same averaging used for the evaluation of the

viscous flux in the mean flow equations. The diffusive flux in the x direction may be

written

f t,diffij = µte(∇xν̃)ij .

where (∇xν̃)ij is the component of the modified, average gradient in the x direction.

The diffusive flux in the y and z directions are the same, using their respective compo-

nents of the gradient. The laminar and turbulent viscosities in the effective turbulent

viscosity are calculated using an averaging process too

µ =
1

2
(µi + µj)

µt =
1

2
(ρiν̃i + ρj ν̃j)

Thus, for the flux contributions M(i) is the same size as for the second order inviscid,

and viscous fluxes. The source term follows Edwards’ modification [102], and is calcu-

lated using only the flow variables and gradients at each point; as a result M(i) = ni

for this term. Equation (2.27) can be solved separately from the mean equations, or

they can be solved fully coupled as is done for the results presented in this work. In

this case, the flux definitions above mean that the transport equation can be combined

with the Navier-Stokes equations of Eq. (2.24), to give the full governing equations to

be solved as
∂w

∂t
+

∂

∂x
(f − fv) +

∂

∂y
(g − gv) +

∂

∂z
(h− hv) = S (2.28)
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where S is the source term vector, which is non-zero only for the turbulence transport

equation. Similarly, the additional turbulence model terms can be added to Eq. (2.26)

for the full meshless discretisation

dwi

dt
= −

∑
j∈Ωi

(
b(i)j− 1

2
(fj− 1

2
− fvij) + c(i)j− 1

2
(gj− 1

2
− gv

ij) + d(i)j− 1
2
(hj− 1

2
− hv

ij)
)
+ Si

(2.29)

The solution method for this discretisation, to obtain w, is discussed in Chapter 3.

2.3.4 Boundary conditions

The numerical schemes that have been described so far are completed by the imposition

of appropriate boundary conditions. For the Euler equations, the slip condition is

enforced on solid wall boundaries. The points that form the boundary ∂Ω make up

a set of elements that provide a covering such that the domain Ω is bounded. These

elements are used to enforce the boundary conditions on the wall. To do this we need

the points that make up each element e. These elements form the set B(e). In two-

dimensions B(e) contains two points because each element is a line segment made up

of two points; in three-dimensions B(e) can contain three or four points, depending on

whether the element is a triangle or quadrilateral (mixed sets of elements are possible).

A halo point located outside the domain is assigned to each element to impose the

boundary conditions on each of these elements. The halo point is added to the stencil

of each point in B(e), so that the flow variables set at the halo provide the required

behaviour on the boundary itself. Thus, the use of halo points also increases the quality

of the boundary point stencils; they ensure that there will be points in all directions in

the stencil, and so the conditioning of the least squares matrix improves dramatically.

The location of each halo is such that it lies along the normal of the element from

the element centre. The distance of the halo from the centre of e is determined by

using the internal (non-boundary) points that are shared by the stencils of each of the

points in B(e). We denote this set of internal points C(e). We take the projection of

the vector formed from the centre of e to each point in C(e) onto the normal vector of

the element. The average length of the projections determines the halo point distance.

In this way the halo point distance reflects the relative size of the stencil.

The slip condition for unsteady simulations with moving surfaces requires that the

flow velocity normal to the boundary is equal to the normal velocity of the wall. So for

every solid wall boundary element

unx + vny + wnz = ẋnx + ẏny + żnz (2.30)

where nx, ny and nz are the components of the inner unit normal vector at the boundary

element, and the Cartesian wall velocity components are represented by ẋ, ẏ and ż.
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Defining the values ue, ve and we as the average of the flow velocity values at the

points within the set C(e), the boundary condition is enforced by setting the negative

normal velocity component of ue, ve and we at the halo point. Using the method in

Ref. [103], this is done by a simple rotation and negation of the normal components of

velocity, so that at the halo the velocity values are

uh = ue − 2nxun + 2ẋ

vh = ve − 2nyun + 2ẏ

wh = we − 2nzun + 2ż

where un is the normal component of velocity

un = uenx + veny + wenz

and the subscript h denotes the flow variables at the halo. The density and pressure

halo values are set simply as the average of the values at the points in C(e), denoted ρe
and pe, so

ρh = ρe

ph = pe

For viscous flows, the no-slip condition is imposed on the solid wall surfaces, which

means that

u = ẋ, v = ẏ, w = ż (2.31)

The points on the boundary wall, not the elements, are used to enforce these conditions.

A strong boundary condition is employed, in which we set the flow variables u, v and

w at the boundary points so that Eq. (2.31) is satisfied. To improve the stencils of the

boundary points we employ halo points in the same way as in Ref. [103]. In this method,

the halos are set from a reflection across the boundary wall of each internal point in

the boundary stencil. As a result, there are more halo points for viscous computations

than for inviscid. The flow variables at each halo are set using the flow variables at its

corresponding interior point such that

uh = −ui + 2ẋ

vh = −vi + 2ẏ

wh = −wi + 2ż

where ui, vi and wi are the flow velocities at the interior point. The pressure and

density at the halos are set so that they have the same values as its corresponding
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interior point so

ρh = ρi

ph = pi

The boundary condition for the turbulence model is enforced so that the transported

quantity ν̃ is zero on the boundary walls; this condition is also imposed strongly. In

addition, the halo point values are set to

ν̃h = −ν̃i

where ν̃i is the transport quantity at the corresponding interior point of the halo.

Far field and symmetry boundary conditions are imposed on each point with one

halo, which is located using a reflection across the boundary wall (in the same way

as for solid, no-slip wall conditions) of one point within the stencil. The point chosen

is the one for which the vector from the boundary point to the stencil point has the

smallest angle to the normal vector of the boundary point. Symmetry conditions are

imposed by setting the flow variables as the same as the interior point from which the

reflection is made, but the component of velocity that coincides with the normal of

the plane is negated. So, for example, if the symmetry plane is in the xz plane, the

component of velocity in the y direction is negated

vh = −vi

Far field conditions are enforced by setting the halo point h to freestream values. This

treatment assumes that the boundary is located far enough to allow the flow to return

to freestream conditions.
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Chapter 3

Time Integration

3.1 Implicit method

The meshless method is used in the spatial discretisation to find the flux derivatives,

which form the residual vector R consisting of the right hand side of Eqs. (2.20), (2.26)

or (2.29). Its definition provides us with a set of global ordinary differential equations

dw

dt
= −R (3.1)

with the sign on the right following convention in CFD. To solve this system we need

to perform an integration with respect to time. Most meshless codes in the literature

use explicit methods (with appropriate convergence accelerators) to solve Eq. (3.1); in

such methods the residual vector is expressed at the current time step m, to be solved

for the vector w at time m + 1. In this work however, we use a fully implicit time

discretisation, the implementation of which is described in this chapter.

Implicit methods are characterised by the residual vector being expressed at the

unknown, new time level, creating a system of non-linear algebraic equations to be

solved. To solve Eq. (3.1) to steady state, so that R = 0, we introduce an iteration in

pseudo-time τ such that
dw

dτ
= −Rm+1 (3.2)

where the superscript m denotes the time level in pseudo-time. There are, in general,

two methods that can be used to solve this system.

1. Choose some linearisation of R, and reduce the non-linear system to a linear

algebraic equation.

2. Solve the system at each time step using a non-linear sub-iteration: the dual time

stepping method.

In this work the first method is used for computations to steady state, while the second

method is used for time-dependent simulations. The linearisation of the global residual
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vector R, for the first case, is performed in pseudo-time τ

Rm+1 = Rm +
∂R

∂τ
∆τm +O(∆τ2)

= Rm +
∂R

∂p

∂p

∂τ
∆τm +O(∆τ2)

= Rm +
∂R

∂p
∆p+O(∆τ2) (3.3)

where p is the vector of primitive variables, ∆p = pm+1−pm is the difference between

these variables after each pseudo-time step, and ∂R
∂p is the Jacobian matrix of the

system. It is most convenient for the global vector of primitive variables to take the

form

p = (ρ1, u1, v1, w1, p1, . . . , ρN , uN , vN , wN , pN )T

where N is the total number of points in the domain. The global vector, therefore,

consists of each of the local vectors of length l, where l is the number of unknown

variables per point; the global residual vector must be constructed in the same way.

The Jacobian matrix is formed by an analytical differentiation of the residual vector

with respect to the vector of primitive flow variables, as this differentiation is simpler

than if the residual vector were to be differentiated with respect to the conservative

flow variables.

There are three issues that need to be addressed in determining a solution strat-

egy using an implicit method, with the linearisation scheme outlined above: the time

derivative approximation, the approximation (if any) to the Jacobian matrix of R,

and the method of solving the linear system and to what accuracy. These issues are

linked in determining the accuracy, cost and stability of the solver at each step, and

are discussed in the following sections.

3.2 Time derivative

The time derivative in Eq. (3.2) can be discretised with a differential operator such

that

Dτw = −Rm+1

where Dτ is chosen to be a simple, kth order accurate, backward differential operator

of the form

Dτ =
1

∆τ

k∑
q=1

1

q
[∆]q (3.4)

For time-independent calculations, for which the convergence is to steady state, the

converged solution is independent of the choice of temporal discretisation, and so the

simplest, first order option k = 1 is taken. Using this option in Eq. (3.4) in pseudo-time,
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and performing the linearisation outlined above, we obtain the system to be solved for

the updates ∆p

∆w

∆τ
= −

(
Rm +

∂R

∂p
∆p

)
∆w

∆τ
+
∂R

∂p
∆p = −Rm(

1

∆τ

∂w

∂p
+
∂R

∂p

)
∆p = −Rm (3.5)

where ∂w
∂p is the transformation matrix between conservative and primitive variables.

The size of ∆τ is determined by a local time step estimate [103]

∆τi =
CFL

λIi + λVi
(3.6)

where CFL is the Courant-Friedrichs-Lewy number, and λIi and λVi are based on the

spectral radius of the inviscid and viscous flux Jacobian matrices respectively at each

point i

λIi =

ni∑
j=0

(∣∣∣b(i)j− 1
2
uj + c(i)j− 1

2
vj + d(i)j− 1

2
wj

∣∣∣+ ai
√
b2
(i)j− 1

2

+ c2
(i)j− 1

2

+ d2
(i)j− 1

2

)

λVi =
γ

Re

ni∑
j=0

((
µ

Pr
+

µt
Prt

)
ij

1

ρij

(
b2
(i)j− 1

2

+ c2
(i)j− 1

2

+ d2
(i)j− 1

2

))

where a is the local speed of sound. The index ij indicates an averaged variable across

the edge connecting points i and j.

To perform time accurate, unsteady calculations Eq. (3.1) is solved in real-time t,

dw

dt
= −Rn+1 (3.7)

where the superscript n denotes the time level in real-time. For such calculations it is

necessary to increase the order of accuracy in time, as is done in the dual-time stepping

method [104]; so a second order k = 2 option in Eq. (3.4) is taken in real-time, so that

Eq. (3.7) becomes
3wn+1 − 4wn +wn−1

2∆t
+Rn+1 = R∗ = 0 (3.8)

where R∗ is defined to be the unsteady residual vector, and ∆t denotes a time step

in real-time. This is a non-linear system of equations that cannot be solved directly;

instead, we use the non-linear sub-iteration over wn+1 mentioned above, and view

Eq. (3.8) as a modified pseudo-time steady state problem, which can be solved itera-

tively for wn+1 . This is done by introducing a derivative with respect to a fictitious
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pseudo-time for the unsteady residual vector

dw

dτ

m+1

= −R∗,m+1 (3.9)

The steady state solution to Eq. (3.9) satisfies R∗ = 0, and so is also the solution of the

unsteady system given by Eq. (3.8). In Eq. (3.9) the unsteady residual is evaluated at

the new pseudo-time level m + 1, and is therefore expressed in terms of the unknown

solution at this new time level. To solve this problem, the same linearisation method

in Eq. (3.3) is used in pseudo-time for the unsteady residual vector, which gives

R∗,m+1 ≈ R∗,m +
∂R∗

∂p
∆p

Using this linearisation in Eq. (3.9), and from the definition of the unsteady residual

∂R∗

∂p
=

3

2∆t

∂w

∂p
+
∂R

∂p

we obtain the following system for the updates((
1

∆τ
+

3

2∆t

)
∂w

∂p
+
∂R

∂p

)
∆p = −

(
3wm − 4wn +wn−1

2∆t
+Rm

)
(3.10)

Thus, when the solution is converged in pseudo-time by iterating over m, we obtain

n + 1 and the real-time step ∆t proceeds. The pseudo-time problem can be solved

using any time marching method designed to solve steady state problems, utilising the

standard acceleration techniques. The main advantage of the implicit method is that it

allows the real-time step to be chosen for time accuracy alone, without worrying about

numerical stability restrictions.

3.3 Choice of linear solution method

We can write Eqs. (3.5) for time-independent simulations, or (3.10) for time-dependent

simulations, in a simpler global matrix form

A∆p = −R (3.11)

where A represents the implicit system matrix, the construction of which is discussed

in detail in Section 3.5. This equation encapsulates the implicit scheme, which is solved

for ∆p until |R| < ϵ, where ϵ is a small tolerance used to judge the convergence. The

residual is normalised against the residual calculated on the first step.

The non-linear nature of the governing equations means that a direct method (such

as Gaussian elimination) cannot produce a solution in a single iteration [105]; instead,

Eq. (3.11) must be solved iteratively, requiring many solves for ∆p until the solution
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for Eq. (3.2) is obtained. The Newton-Raphson method is obtained in Eq. (3.5) if

the exact Jacobian matrix of R is used, in conjunction with a direct solver, with a

time step that is large enough so that is approaches infinity. Quadratic convergence

can be achieved with this method, which results in a very fast asymptotic convergence

to machine precision. Even though this gives the most efficient convergence rate in

terms of the number of iterations, such a method is impractical for use in many CFD

applications. Solving the linear system exactly at each iteration with a direct solver

is extremely costly in terms of both memory requirements and arithmetic operations

(which are often of the order N 3, where N is the size of the system); there is also

often much effort that must first be expended before the solution enters the region of

quadratic convergence.

Instead, a more efficient method is obtained by using an inexact linear system solver,

which only partially solves the system for ∆p at each iteration. This means that great

expense is spared in not driving the norm of the residual down to unnecessarily low

values at each time step, so ϵ would be much greater than required for quadratic con-

vergence. The inexact solution is then used in the calculation of the residual vector and

the Jacobian matrix at the next time step; finite values of ∆τ are used for additional

stability. Despite losing the highly desirable quadratic convergence, such a method

tends not to have the computational intensity associated with Newton-Raphson meth-

ods. It also means that the obtained solution of Eq. (3.2) does not have to be exact,

the calculation of which is often unnecessary in most practical CFD calculations.

Not using an exact solver also means that there is little need to compute the Jacobian

matrix exactly at each time step. Indeed, if p is the exact solution of the system,

then R = 0, and therefore ∆p = 0 independently of A, provided A is non singular;

consequently, A may be chosen freely to improve the convergence, as it has no effect on

the fully converged solution. The use of an approximate Jacobian matrix can make the

formulation simpler; reduce memory requirements and operational counts; make the

parallel implementation easier; and, most importantly, can improve the conditioning of

the system. The ideal choice of A is such that it is relatively inexpensive to construct

and solve the linear system for, but will still give an efficient convergence rate. Thus, we

try to achieve the optimum balance between speed of convergence and cost of iterations.

3.4 Linear solver method

The inexact linear solver, used for each iteration of Eq. (3.11), is itself an iterative

method, in which successive approximations are made to an initial solution vector

using matrix-vector operations until the solution converges to a chosen tolerance. The

iterations required to solve Eq. (3.11) are referred to as inner iterations, to distinguish

them from the iterations of each solution of Eq. (3.11), which are used to obtain the

solution of Eq. (3.2). The space which spans the approximations is called the Krylov
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subspace; and for matrix-vector multiplications of the form Av, the Krylov subspace

of order m is defined as

Km(A,v) = span{v, Av, . . . , Am−1v}

For most Krylov subspace methods, the exact solution can be obtained after at most

N steps. However, if N is very large it is not practical to store the whole Krylov

subspace; thus, the use of such procedures as direct methods is limited. Instead, a

good approximation to the solution in far fewer steps is found; so when the iteration

reaches a cut-off step, the subspace is deleted and the latest solution vector is used

as the initial solution for the restarted procedure. In this way the iteration method is

itself applied iteratively.

The Krylov subspace generally only contains a good approximate solution, for any

moderate size m, if the system is well-conditioned. If this is not the case, then one

can modify the original problem to obtain a better Krylov subspace. This can be done

using a preconditioner matrix C. In this work a left preconditioning is used, which

results in solving the modified problem

C−1A∆p = −C−1R

The preconditioner is designed so that C−1A in some sense approximates the identity

matrix; so C−1(R−Axk) can be expected to approximate the error in an approximate

solution xk. The next approximate solution xk+1 can then naturally be obtained by

taking

xk+1 = xk + C−1(R−Axk) (3.12)

It is necessary to provide criteria to make it likely for the correct solution for ∆p

to be approached with increasing k. To do this, a modified version of Eq. (3.12) is

used, with additional parameters introduced into the iteration so that the successive

approximations to the solution vector are formed by minimising the norm of the residual

vector. It is called the generalised conjugate residual (GCR) method [106]; and in this

method the matrix A is not required to be symmetric and positive-definite, making

it advantageous in that the method depends on A, rather than the normal equations

formed by A.

Various iterative algorithms have been tested for finite volume codes [107], and

it was concluded that the choice of method is not as crucial as the preconditioning.

Obviously the most effective preconditioner would be such that C−1A = I exactly, but

this would be too expensive to compute. Instead, the preconditioning strategy is based

on a Block Incomplete Lower-Upper (BILU) factorisation [108]. As with the Jacobian

matrix, the blocks refer to the points in the domain, and are square blocks with a

size of the number of primitive variable unknowns. An approximate factorisation of
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the matrix A into lower and upper factors is calculated, with the sparsity pattern of

the factorisation restricted according to an algorithm that allows the calculation of

progressively better approximations to the inverse, at the cost of including more terms

(levels) in the factors. The levels of fill-in are given integer values, level l or BILU(l);

however, to keep the operation as efficient as possible, we use the method with zero

fill-in, BILU(0), which means that the sparsity pattern on the lower and upper matrices

is the same as the one in the Jacobian matrix.

The calculation of the preconditioner at each implicit time step takes a non-trivial

amount of time. If the linear system in Eq. (3.11) is well-conditioned, then it can be

solved in very few (often about five) steps, and the calculation of the preconditioner

can take anything up to 50% of the linear solution time. As a result, using the same

preconditioner, and only recalculating it after a certain number of linear systems have

been solved (say ten implicit solution steps), makes a large saving in computational

time.

3.5 Constructing the approximate Jacobian matrix

To describe the approximate Jacobian matrix, it is helpful to describe the form of the

exact Jacobian matrix as a starting point, and then the simplifications that follow.

If we first consider the structure of the Jacobian matrix, it has local contributions

consisting of the partial derivatives of the residual vector at a point i, with respect to

the primitive variables at every point j, within the domain Ω. In principle R may be a

function of pj∀j ∈ Ω, so the global Jacobian matrix can be written as an N ×N block

matrix, where N is the number of points in the computational domain; each of these

blocks (denoted ∂Ri
∂pj

) consists of an l× l matrix, where l is the number of unknowns in

p. For each point, the terms in each block matrix can be found by differentiating the

right hand side of Eq. (2.29), so in two-dimensions

∂Ri

∂pj
=

∂

∂pj

{
ni∑
k=0

(
bik− 1

2
(fk− 1

2
− fvik) + cik− 1

2
(gk− 1

2
− gv

ik)
)
+ Si

}

=

ni∑
k=0

{
bik− 1

2

(
∂fk− 1

2

∂pj
−
∂fvik
∂pj

)
+ cik− 1

2

(
∂gk− 1

2

∂pj
−
∂gv

ik

∂pj

)}
+
∂Si

∂pj

(3.13)

The final statement can be made since the shape functions are found purely from

geometric considerations, and are not dependent on the flow variables. From Eq. (3.13)

we can see that the flux derivatives with respect to the primitive variables are needed;

these derivatives are obtained analytically. The inviscid fluxes are formed by solving

the Riemann problem, as outlined in Section 2.3.1, so when differentiated there will be

left and right side block matrix contributions to the Jacobian matrix, corresponding to
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the Riemann problem solved. Similarly, the viscous fluxes and turbulence model use

local flow variables and gradients at both the left and right states.

It is clear that Ri in Eq. (3.13) depends only on the points that belong to M(i) that

are used to form the inviscid and viscous fluxes. This means that most of the elements

of the Jacobian matrix are zero, resulting in a sparse matrix. For a first order scheme

the inviscid flux is dependent only on the M(i) = ni points that make up the meshless

stencil. From Eq. (2.22), we can see that there will, therefore, be two contributions to

the Jacobian matrix: one for the left state, which is for the star point on the diagonal

(since j = i); and one for the right, which is for the neighbouring point (j ̸= i). These

contributions can be written

AL =
∂Ri

∂pj
=
∂Ri

∂pL
AR =

∂Ri

∂pj
=
∂Ri

∂pR
(3.14)

where these matrix blocks are added to the global Jacobian matrix in the same way as

the fluxes are for the residual vector R.

The second order scheme has reconstructed left and right states of the Riemann

problem in Eq. (2.23), which are each dependent on the gradients of the left and right

side variables as well. As a result, there are additional non-zero contributions to the

Jacobian matrix, as M(i) > ni, corresponding to each point within the neighbouring

stencils that form the least squares gradients for the higher order reconstruction. The

chain rule is used to provide the corresponding terms in the matrix. For each Riemann

problem, there are several matrix blocks for each of the left and right states, written as

AL =
∂Ri

∂pj
=
∂Ri

∂pL

∂pL

∂pj
AR =

∂Ri

∂pj
=
∂Ri

∂pR

∂pR

∂pj
(3.15)

The additional terms compared to Eq. (3.14) are the cause of the greater fill-in for the

second order Jacobian matrix.

The larger number of non-zero terms in the second order Jacobian matrix can cause

some difficulties for the linear solver method: firstly, the additional non-zeros mean

that it is more costly to calculate; secondly, the memory requirements are greater due

to the increased storage; thirdly, each inner-iteration is slower to perform since the

matrix-vector multiplications of the iterative solver require more operation counts; and

finally (and most importantly), since the additional terms are off-diagonal they can

increase the stiffness and ill-conditioning of the matrix, making it much more difficult

to solve the linear system efficiently.

To avoid this extra cost, we keep the number of non-zero entries in the Jacobian

matrix as low as possible by omitting the second order block contributions to the

Jacobian matrix. In other words we enforce

∂pL

∂pj
= δjLI

∂pR

∂pj
= δjRI
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Figure 3.1: Comparison of conver-
gence rates using first and second
order Jacobian matrices for the in-
viscid, transonic NACA 0012 case in
Section 4.1.1.

in Eq. (3.15), where δ is the Kronecker delta symbol and I is the identity matrix. This

means that the second order residual vector Ri is used in the calculation of the blocks,

but the sparsity pattern of the global matrix is the same as that of the first order

Jacobian matrix.

The benefit of this approach can be seen in Fig. 3.1, which compares the rate of

convergence when using the inexact linear solver with first and second order Jacobian

matrices. The second order Jacobian in this case is not exact though, as the flux limiter

is not differentiable. The plots are for the two-dimensional, inviscid, transonic, steady

state case outlined in Section 4.1.1. Implicit schemes require particular treatment

during the early stages of the iterative procedure; the usual approach in starting the

method is to take a small implicit time step as a start-up, and to increase it later on.

It was found, however, that smoothing out the initial flow by doing some explicit Euler
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iterations of the form

wm+1 = wm −∆τRm,

and then switching to the implicit scheme was equally efficient; hence, two hundred

explicit iterations were performed first before the implicit scheme starts. Figure 3.1(a)

shows that the use of a second order Jacobian matrix to solve the non-linear system

in Eq. (3.2) is more efficient in terms of the number of iterations that it takes for

convergence. However, Fig. 3.1(b) shows the increased cost in CPU time of using a

second order Jacobian matrix; a work unit is defined as the amount of time required

for one explicit time step. The use of a second order Jacobian matrix incurs about

twice the cost of the first order Jacobian matrix because of the difficulties which were

outlined earlier. These difficulties can be seen further in Fig. 3.1(c), which shows the

number of inner iterations that are required to solve the linear system in Eq. (3.5) at

each step. The convergence of the linear solver is also determined by using the L2

norm of the residual, which has been normalised against the residual calculated on the

first step. In this work, the level at which convergence of the linear solver is achieved

is at ϵ = 10−3. It can be seen that although fewer iterations are required using the

second order Jacobian matrix (which is in agreement with Fig. 3.1), many more inner

iterations must be performed to achieve this level of convergence; this is particularly so

during the first few iterations (note the log scale) of the implicit scheme, which can also

be seen in Fig. 3.1(b) when over 750 work units are expended for very little resultant

convergence. This demonstrates the poor conditioning of the second order Jacobian

matrix, which is the major problem with its use.

The Jacobian matrices obtained from the viscous fluxes in Eq. (3.13) are formed in

a similar manner. The compact support of the viscous stencil for a point is the same as

that for the inviscid, second order Jacobian matrix. Once again, the approximate Jaco-

bian matrix is formed by omitting the terms that would increase the fill-in of the exact

first order inviscid Jacobian matrix. For the RANS equations with the Spalart-Allmaras

turbulence model, the governing equations are solved fully coupled with the turbulence

model equations (though the option of decoupling the turbulent, and mean flow terms is

available), so the vector of primitive variables becomes p = (ρ, u, v, w, p, ν̃)T . This cou-

pling of the mean flow and turbulent equations means that the matrix blocks are larger;

and the same approximations are made to the global Jacobian matrix for the terms

corresponding to the convective and diffusive fluxes in the Spalart-Allmaras transport

equation. There is also the additional Jacobian matrix contribution of the source term

to be considered. Currently, this Jacobian matrix is exact, as the contributions are

limited to the set M(i) for each point anyway. Constructing the approximate Jaco-

bian matrices in this way means that the sparsity pattern of the inviscid, laminar and

turbulent approximate Jacobian matrices are the same.
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The Jacobian matrix must also contain contributions that arise from the bound-

ary conditions. Recall from Section 2.3.4 that the boundary conditions are imposed

on the star point by the halo points, which have flow variables obtained from their

corresponding interior points. The halo points are not updated, as they do not belong

to the domain Ω, and as there are no terms in the residual vector for the halo points,

there will not be any additional rows or columns in the Jacobian matrix. Only the

boundary points have halos, so for the star point i on the boundary, we can again use

the chain rule to calculate the contributions due to the halo points on the right side of

the Riemann problem, so

AR =
∂Ri

∂ph

∂ph

∂pj
(3.16)

The contribution AR from the halo point is expressed in terms of the internal points,

which can then be added into the Jacobian matrix in the correct place. As the matrix
∂ph
∂pj

is non-zero only when j is a point within the stencil Ωi, the sparsity pattern of the

Jacobian matrix is not altered by the contributions from the boundary points.

3.6 Parallel implementation

Although single processors are becoming increasingly powerful, they are not yet suffi-

cient to perform the large scale computations that are needed in industrial applications.

The limits of single processor performance mean that it is necessary for a CFD code

to be able to perform calculations on multiple processors. This is done, in this work,

with a distributed memory parallelism, where each processor has access to part of the

data which resides in the memory it is directly connected to [88]; thus, each processor

behaves almost as if it is a separate serial program, responsible for solving the equations

at a distinct part of the computational domain. The domain decomposition is achieved

using a library called METIS [109].

There is no data shared between processors; access to data which resides in the

memory attached to another processor is done through the network via message passing

using the MPI (message passing interface) library. The data consists of the points

used in the meshless discretisation, and is split across the processors according to the

number of processors available. For an efficient parallelisation each processor should

have roughly the same amount of work, so will have the same number of points, while

keeping the communication to a minimum. Communication is necessary because points

that form stencils along the boundaries of the domain decomposition may belong to

different processors; as a result, for each processor, a list of communication points is

created, which contains points that are not stored in the current processor, but are

included in the local stencils. The data that is communicated between processors for

a communication point (denoted j) consists of: the local flow variables ϕj , the local
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Figure 3.2: Parallel solver performance for the M6 wing test case at inviscid flow
conditions analysed in Section 4.2.3.

gradients ∇ϕj , the point coordinates xj , and the flux limiter values ψj ; all are used in

Eq. (2.23) for the solution of the Euler equations.

When using the implicit scheme, the Jacobian matrix is also divided among the pro-

cessors in the same way; consequently, each processor requires the matrix information

for its local and communication points. The use of an approximate Jacobian matrix

reduces parallel communication since there are fewer communication stencil points; it

also means that the meshless shape functions do not need to be communicated, which

would be necessary to form the additional terms in Eq. (3.15) for the second order

Jacobian matrix.

The parallel communication can be further minimised by decoupling the BILU(0)

factorisation between the blocks in the Jacobian matrix; hence, there is no parallel

communication when forming the preconditioner matrix used in Eq. (3.12). This ap-

proach improves the parallel performance, but at the expense of not forming the best

BILU(0) possible. This has an effect on the convergence rate of the linear solver, as can

be seen in Fig. 3.2(a), which shows the convergence in terms of the number of iterations

for the solution of the Euler equations on an M6 wing on multiple processors; the flow

results for this test case are given in Section 4.2.3 in the next chapter. Despite this, the

speed-up using an increasing number of processors can be seen in Fig. 3.2(b). A linear

rate can, realistically, never be reached due to the parallelisation overheads introduced

in the domain decomposition, namely, the communication and load balancing.
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Chapter 4

Method Evaluation

4.1 Two-dimensional cases

Results are presented in this chapter for validation purposes and to build confidence

in the developed meshless flow solver, which is applied to the multibody systems anal-

ysed in the following chapters. The two-dimensional solutions presented include stan-

dard steady and unsteady aerofoil test cases, for inviscid and viscous flows, using the

NACA 0012 aerofoil. Solution convergence studies are made using successively finer

point distributions, and comparisons are made with the parallel multiblock (PMB) flow

solver [110], which is an established finite volume research code. Also included are cir-

cular cylinder cases at laminar flow conditions that demonstrate the method outlined

in Section 2.3.2. These results are compared with experimental data and numerical so-

lutions found in the literature where available. RANS results, using the formulation of

Section 2.3.3, for steady and unsteady test cases are also presented, with comparisons

with PMB and experimental data for further validation.
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Figure 4.1: NACA 0012 aerofoil connectivities.

53



PMB PML linear PML quadratic

Cl Cd Cm Cl Cd Cm Cl Cd Cm

C 0.339 0.0230 -0.034 0.327 0.0183 -0.032 0.332 0.0203 -0.035
M 0.341 0.0220 -0.035 0.341 0.0201 -0.036 0.344 0.0212 -0.035
F 0.343 0.0218 -0.035 0.344 0.0211 -0.037 0.345 0.0216 -0.035

Table 4.1: Convergence of lift, drag and moment coefficients for inviscid transonic
case using linear and quadratic reconstructions using coarse (C), medium (M) and
fine (F) point distributions.
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Figure 4.2: Transonic inviscid flow for NACA 0012 aerofoil at M∞ = 0.8 and
α=1.25◦ using a quadratic polynomial reconstruction.

4.1.1 Steady inviscid flow over a NACA 0012 aerofoil

In this subsection the Euler equations are solved at transonic and supersonic flow

conditions. A point distribution study is made using points obtained from structured,

multiblock grids consisting of 5686, 22380 and 88792 points, regarded as coarse, medium

and fine respectively; there are 128 points on the solid wall for the coarse, 256 for the

medium and 512 for the fine point distributions. The topology of the grids can be seen

in Fig. 4.1(a); and the minimum point spacing normal to the wall is 10−4c where c

is the chord length. The PMB calculations are made using these finite volume grids;

while the meshless stencils used by PML use the connectivity of the grids: consisting

of the nine points that make up the four cells surrounding a star point for an interior

stencil; and the six points that make up the two cells surrounding a star point for a

boundary stencil.

The results presented include the surface pressure distribution plots for each case,

along with the lift (Cl), drag (Cd) and moment coefficient about the quarter chord (Cm).

The coefficients are presented for the cases of using a linear (m = 4) and a quadratic
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PMB PML linear PML quadratic

Cl Cd Cm Cl Cd Cm Cl Cd Cm

C 0.521 0.1551 -0.111 0.529 0.1507 -0.114 0.530 0.1507 -0.113
M 0.523 0.1545 -0.111 0.527 0.1528 -0.113 0.526 0.1531 -0.112
F 0.521 0.1542 -0.111 0.526 0.1524 -0.113 0.525 0.1538 -0.112

Table 4.2: Convergence of lift, drag and moment coefficients for inviscid supersonic
case using linear and quadratic reconstructions using coarse (C), medium (M) and
fine (F) point distributions.
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Figure 4.3: Supersonic inviscid flow for NACA 0012 aerofoil at M∞ = 1.2 and α=
7.0◦ using a quadratic polynomial reconstruction.

(m = 6) reconstruction in Eq. (2.7); and can be compared with the PMB solutions

to determine the accuracy and solution convergence of the scheme. The convergence

histories for each computation are also presented: the level of convergence in pseudo-

time for the steady state simulations is determined by the norm of the residual, which

is normalised with the residual calculated after the first pseudo-time step. For each test

case the initial flow field is first smoothed out by 200 explicit iterations, after which

the implicit scheme is used. The explicit CFL number is chosen to be 1 for all cases,

while the choice of implicit CFL number is as decided below.

The first case is a transonic flow with freestream Mach number (M∞) of 0.8 and

an angle of attack (α) of 1.25◦. The lift, drag and moment coefficients are displayed in

Table 4.1 for the linear and quadratic reconstructions. It can be seen that, compared

with the linear reconstruction, the results from the quadratic reconstruction converge

to a level that is in better agreement with the values given by PMB. Using a linear

reconstruction also means that a smaller CFL number must be used to achieve conver-

gence. For this case the CFL number is 30, while for the quadratic reconstruction a

larger CFL number can be used. This may be because the higher order polynomial is
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PMB PML linear PML quadratic

Cl Cd Cm Cl Cd Cm Cl Cd Cm

C 0.088 0.0635 0.022 0.088 0.0710 0.021 0.089 0.0594 0.021
M 0.061 0.0592 0.023 0.075 0.0631 0.021 0.068 0.0546 0.022
F 0.055 0.0583 0.023 0.062 0.0612 0.022 0.059 0.0562 0.023

Table 4.3: Convergence of lift, drag and moment coefficients for laminar case using
linear and quadratic reconstructions using coarse (C), medium (M) and fine (F)
point distributions.
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Figure 4.4: Laminar flow for NACA 0012 aerofoil at M∞ = 0.5, α=3.0◦ and
Re=5000 using a quadratic polynomial reconstruction.

a better approximation of the flow variables that are approximated, using the meshless

scheme, leading to a more stable system to be solved. For the convergence plot in

Fig. 4.2(b), the quadratic reconstruction is used with an implicit CFL number of 80.

It can be seen that, using the implicit scheme, convergence is achieved for all point

distributions. In doing this, there is, on average, six iterations per linear solve at each

pseudo-time step (as can also be seen in Fig. 3.1(c)). The transonic shocks can be seen

in Fig. 4.2(a), and are well resolved for the medium and fine point distributions.

The supersonic case (M∞ = 1.2, α = 7.0◦) has coefficients presented in Table 4.2,

which show that the results are converging to a value similar to those of PMB. The

same CFL numbers, of 30 for the linear case, and 80 for the quadratic case, were used

for these computations. The surface pressure coefficient plot is given in Fig. 4.3(a),

which shows good agreement with PMB. The convergence rate in Fig. 4.3(b) is good

for this case too; though a lot of work is done, at the 200th iteration, in switching from

the explicit to the implicit time scheme, as over 100 inner iterations are needed for the

linear solve at this step. The convergence for the subsequent iterations is more efficient

as, on average, only five inner iterations are required per pseudo-time step.

56



Solution Angle of separation θs (.◦) Cd

PML (coarse) 127.43 1.58
PML (medium) 126.64 1.55
PML (fine) 126.23 1.54
Ref. [111] 125.8-127.3 1.48-1.62

Table 4.4: Angle of separation and drag coefficients for laminar flow over circular
cylinder with Re=40.

4.1.2 Steady laminar flow over a NACA 0012 aerofoil

The same point distributions are used for a study at the laminar flow conditions of

M∞ = 0.5, α = 3◦ and Reynolds number (Re) of 5000. The lift, drag and moment

coefficients for the linear and quadratic reconstructions are presented in Table 4.3. The

coefficients can be seen to be converging towards the solution provided by PMB; though

the difference with the linear approximation is much greater than for the quadratic

approximation because the function in Eq. (2.7) must approximate the viscous fluxes

in addition to the inviscid flux. For this reason all subsequent viscous calculations are

made using the quadratic reconstruction in Eq. (2.7).

The surface pressure distributions in Fig. 4.4(a) show good agreement between

PMB and the point distributions used by PML. The rate of convergence, shown in

Fig. 4.4(b), is fast for the coarse and medium point distributions; though it is not

as efficient with the fine case after convergence of four orders of magnitude has been

reached. The number of iterations remains at about eight per linear solve all through

the computation: this increase in iteration count is due to the further approximations

to the Jacobian that are used for the viscous fluxes.

4.1.3 Steady laminar flow over a circular cylinder

To further demonstrate the ability of the flow solver for the simulation of laminar flows,

circular cylinder steady and unsteady cases are presented. For the steady case, three

cylinder point distributions are used to determine the solution convergence. These are

labelled coarse, with 7920 points, 120 of which are on the solid wall; medium, with 31440

points, of which 240 on the solid wall; and fine, with 52350 points, with 480 on the solid

wall. The far field is located at 40 diameters from the cylinder centre. The Reynolds

number is chosen to be Re = 40 for this simulation: this test case is characterised by

the presence of a wake bubble behind the cylinder, which can be seen in the streamline

plot given by PML in Fig. 4.5(a). The angle of separation, with θs = 0◦ corresponding

to the front stagnation point, and the drag coefficients are given in Table 4.4. The

skin friction distribution is presented in Fig. 4.5(b), where the skin friction coefficient

is normalised by reference freestream values. The experimental results are taken from

Ref. [111] for comparison, and the results given by PML agree well.
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Figure 4.5: Laminar flow over circular cylinder with Re=40.

4.1.4 Unsteady laminar flow over a circular cylinder

When the Reynolds number of the case in Section 4.1.3 is increased, then the wake

becomes unsteady. It is one of many viscous flows which evolve into unsteady motions

because of flow instability despite the fixed boundaries. The flow separation from the

rear surface forms a broad pulsating wake, with vortices shedding alternately from the

upper and lower parts of the rear surface. This effect, called the von Kármán vortex

street, can be seen in Fig. 4.6, which is a contour plot of the x component of velocity,

as computed by PML, for the case described.

A time-dependent simulation at Re = 100 is performed using coarse, medium and

fine point distributions of 12484 points, with 114 making up the solid wall boundary;

25264 points, with 214 on the solid wall; and 99298 points, with 426 solid wall points,

respectively. The far field of these domains extends to 100 diameter lengths from the

cylinder centre. The real-time step was chosen to be 0.05 non-dimensional time units;

though additional results are presented using a larger time step of ∆t = 0.25 and a

smaller time step of ∆t = 0.01 for the medium point distribution. The simulations used

a CFL number of 200; and, on average, there were ten pseudo-time steps per real-time

step, each costing 35 work units, with the convergence in pseudo-time set to 10−3.

The convergence in pseudo time for time accurate simulations is determined by the L2

norm of the update in pseudo-time (∆p = pm+1 − pm), which is normalised with the

L2 norm of the difference between flow variables in real-time (∆p = pn+1 − pn). The

linear solver required on average four iterations per pseudo-time step.

The dimensionless shedding frequency, or Strouhal number, is presented in Table 4.5,

with experimental values taken from Ref. [113]. Also presented are the mean pressure

drag Cdp and mean friction drag Cdf for each case. These values can be compared with

those from Ref. [112], which are CFD results calculated using another meshless solver.
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Strouhal number Cdp Cdf

PML Coarse (∆t = 0.05) 0.1266 0.8388 0.3383
PML Medium (∆t = 0.25) 0.1510 0.9302 0.3682
PML Medium (∆t = 0.05) 0.1515 0.9333 0.3699
PML Medium (∆t = 0.01) 0.1517 0.9335 0.3704
PML Fine (∆t = 0.05) 0.1613 0.9786 0.3438
Ref. [112] - 0.9557 0.3236
Ref. [113] 0.16-0.17 - -

Table 4.5: Comparisons of computed Strouhal number, mean pressure and mean
friction drag coefficients with experimental data from Ref. [113] and numerical data
from Ref. [112].
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Figure 4.6: Instantaneous contour plot of the x component of velocity for the
circular cylinder, unsteady case at Re=100.

4.1.5 Steady turbulent flow over the RAE 2822 aerofoil

To demonstrate the solution of the RANS equations, the well known steady state test

case of transonic turbulent flow over an RAE 2822 aerofoil is presented. The flow

conditions for this case, also known as case 9 from Ref. [114], areM∞ = 0.73, α = 2.79◦

and Re = 6.5 million. The results are compared with the experimental data from the

reference and PMB, which uses a block structured grid of 37752 points, with 348 points

making up the solid wall. PML uses a different point distribution, consisting of highly

stretched stencils, in a structured format, until a distance of about 10% of the chord

from the boundary wall, while the rest of the domain has an unstructured grid format.

The format is similar to the point distribution shown in Fig. 4.1(b); thus, the stencils

in the unstructured region will contain six or seven points. The number of points in

this domain is 35474, with 358 points on the solid wall. The domains used by PML

and PMB both have a minimum wall normal spacing of 6× 10−6c.

On average there were twelve iterations per linear solve, and the simulation cost

2763 work units in total. The surface pressure distribution is given in Fig. 4.7(a),

and there is good agreement between PML and the experimental data, and negligible

difference with the PMB results. A convergence history of both flow solvers is presented

in Fig. 4.7(b), using the maximum possible CFL number for each flow solver. For PMB

this is 200; for PML it was slightly larger at 250. The convergence of the mean equations

and Spalart-Allmaras turbulence model are given separately.
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Figure 4.7: Pressure distributions and convergence histories for case 9 of Ref. [114].

4.1.6 Unsteady turbulent flow - AGARD CT1

This test case concerns the simulation of a single NACA 0012 aerofoil undergoing

a forced periodic motion, around the quarter chord of the aerofoil, prescribed by a

sinusoidal function

α(t) = α0 + αa sin(2kt)

The configuration of the AGARD CT1 test case [115] exhibits intermittent shock motion

during the cycle at freestream Mach number 0.6, with a reduced frequency of k =

0.0808, a mean incidence of α0 = 2.89◦ and a pitch amplitude of αa = 2.41◦. The

Reynolds number is 4.8 million and the flow is assumed to be fully turbulent. Results

are compared with the experimental data of the CT1 test case, obtained from the

reference, and flow simulations using PMB. A multiblock grid of 30488 points with 264

points on the solid wall is used by PMB, while PML uses a point distribution, shown

in Fig. 4.1(b), of 31574 points, with 348 on the solid wall. The minimum wall normal

point spacing is 10−5c for both domains.

Five motion cycles, each consisting of 128 real-time steps, were simulated to solve

both the RANS and Euler equations. For the turbulent simulation each of the real-time

steps cost 426 work units on average, and required 184 pseudo-time steps to achieve

convergence to 10−3. Typically, three iterations of the linear solver were required per

pseudo-time step with a CFL number of 60. Normal force and pitching moment coeffi-

cients are shown in Figs. 4.8(a) and 4.8(b) respectively, in which the overall agreement

between PML and PMB can be determined. To explain the relatively large difference

for the pitching moment coefficient between the RANS results and the experimental

data, published results in Ref. [116] showed that the pitching moment value is sensitive

to the moment centre used.
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Figure 4.8: Normal force and pitching moment coefficients for forced pitching mo-
tion test case of AGARD CT1, comparisons between PML, PMB and experiment.

The inviscid results show a consistent trend compared with viscous simulation re-

sults and experiments; however, for the highest angles of attack during one cycle of

motion, the difference between the flow models is more distinct. An explanation for

this is due to the slight differences of the resolved shock wave, in both location and

strength, formed during parts of the cycle of motion. This can be seen in Fig. 4.9, which

presents unsteady pressure distributions at two instantaneous angles of attack during

the cycle for both the inviscid and viscous calculations. The comparison between PMB

and PML is good; and the difference in the shock wave predicted by the flow models

can be seen clearly in Fig. 4.9(b) during the high angle of attack downstroke.
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Figure 4.9: Unsteady pressure distributions for forced pitching motion test case of
AGARD CT1; comparisons of inviscid and viscous flow between PML, PMB and
experiment at two angles of attack during upstroke and downstroke.
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(a) RANS steady pressure contours
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Figure 4.10: Pressure contours and surface pressure distribution for M∞=0.8,
α=0◦ and Re=12.5 million, comparing experimental data and PML RANS and
Euler computations.

4.1.7 Unsteady turbulent flow - AGARD CT8

The AGARD CT8 case from Ref. [117] is a transonic case for a NACA 64A010 aerofoil,

at flow conditions M∞ = 0.8, α = 0◦ and Re=12.5 million. The forced pitching motion

is around the quarter chord, with a reduced frequency of k = 0.1, a mean incidence

of α0 = 0◦ and a pitching amplitude of αa = 0.5◦. Five motion cycles with 128 steps

each are simulated on a point domain of 29498 points, 340 of which make up the solid

wall. This point distribution also has a similar format to that shown in Fig. 4.1(b);

and the minimum normal spacing is 6 × 10−6c. With a CFL number of 60, the linear

solver needed, on average, four iterations per pseudo-time step. There were typically

179 pseudo-time steps per real-time step, with a pseudo-step convergence level of 10−3.

Each real-time step costs 459 work units on average. The steady state pressure contours

for the RANS solution is shown in Fig. 4.10(a); and the surface pressure distributions

for the RANS and Euler solutions are shown in Fig. 4.10(b). The surface pressure

distribution for both models is reasonably well predicted except in the shock region,

where the RANS flow solution shows a closer agreement with the experimental data.

The real and imaginary parts of the first harmonic of the pressure coefficient Cp,

normalised with the amplitude of the forcing motion, are shown in Fig. 4.11. The

RANS results show good agreement with the experimental data; the inviscid results

are also good except at the shock region, where the magnitude of the coefficients is too

high, and the shock is slightly further downstream than the location in the experiment

due to the lack of viscous effects: this difference can also be seen in Ref. [118]. The

real and imaginary lift and moment coefficients are displayed in Table 4.6, with the

experimental results from Ref. [117] and computed results from Ref. [119], to further

evaluate the accuracy of the solution using PML.
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Coefficient Real Cl Imag Cl Real Cm Imag Cm

PML (Euler) 7.318 -3.542 -0.548 -0.132
PML (RANS) 6.618 -2.816 -0.344 -0.195
Ref. [119] 6.619 -3.021 -0.358 -0.176
Ref. [117] 6.795 -3.403 -0.195 -0.314

Table 4.6: Real and imaginary lift and moment coefficients for AGARD CT8 from
PML, compared with experimental data from Ref. [117] and computed data from
Ref. [119].
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Figure 4.11: Comparison of real and imaginary parts of surface pressure distribu-
tion for AGARD CT8 between PML and the experimental data.

4.2 Three-dimensional cases

The results presented using the three-dimensional meshless solver are inviscid cases over

various aircraft wing geometries at subsonic and transonic conditions. The geometries

used in the following subsections are the Goland wing, the multidisciplinary optimi-

sation (MDO) wing and the ONERA M6 wing respectively. Each case uses a point

distribution obtained from a structured, multiblock grid, from which the PMB results

are obtained for comparison. The stencils for PML consist of the 26 points that make

up the eight cells that surround the star point, Fig. 4.12(a); boundary stencils generally

consist of nine points, including the star point, on the boundary surface and nine inte-

rior points, Fig. 4.12(b); while some stencils that form the edge of the geometry, such

as along the solid wall and symmetry plane, contain only twelve points, Fig. 4.12(c).

Each of the boundary stencils also contains halo points: there is an additional halo for

each of the solid wall elements within the stencil, and there is an additional point if the

boundary point is to enforce a symmetry or far field condition.

63



(a) Interior point stencil (b) Boundary point stencil (c) Point stencil between two
boundary surfaces

Figure 4.12: Stencils used by PML for three dimensional flow solver validation.
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Figure 4.13: Comparison of convergence histories using shape function reconstruc-
tions and flux limiters for the ONERA M6, inviscid test case.

There are issues regarding the size of the polynomials used for meshless approxima-

tions in three-dimensions. Recall, from Section 2.2.1, that the polynomials can be of

size m = 4, 7 or 10 for a linear, bilinear or quadratic reconstruction in three-dimensions

respectively. The least squares matrix becomes ill-conditioned at these increasing sizes

(and singular for a quadratic reconstruction); and so, instead of solving the normal

equations, SVD is used to solve the least squares system. This allows higher order

polynomials to be evaluated, but the stencils obtained from mesh connectivities can be

too small for an accurate reconstruction to be made. For example, Fig. 4.13(a) shows

the convergence history using polynomial shape function reconstructions of increasing

order for the ONERA M6 case analysed in Section 4.2.3. The linear reconstruction is

the only one for which a converged solution to five orders of magnitude is obtained.

Thus, to use the mesh connectivities and be consistent with Section 4.1, the shape

functions are evaluated only to linear order in this section.
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(a) Goland wing planform with
quadrilateral elements

(b) Root section

(c) Mid section

(d) Tip section

Figure 4.14: Goland wing planform with quadrilateral elements and cross sections.

There are also issues regarding the flux limiters, which are more prevalent in three-

dimensions. As Fig. 4.13(b) shows for the ONERA M6 test case, the Barth-Jesperson

limiter often fails to give suitably converged results, which is a well known defect of

non-differentiable limiters [101]; the Venkatakrishnan limiter is also compared, which

converges fully, but is much less efficient than the Van Albada limiter. As a result, the

Van Albada limiter is used for all three-dimensional cases in this work.

4.2.1 Goland Wing

The Goland wing [120] is a symmetric model wing, having a chord of 1.8266m and

a span of 6.096m. It is rectangular and cantilevered, with a constant cross section

defined by a 4% thick parabolic-arc aerofoil, Fig. 4.14. The Euler equations are solved

at subsonic and transonic flow conditions using two point distributions: one for which

the boundary surface is made up of quadrilaterals, and one for which the boundary

surface is made up of triangles. Each computational domain is made up of 333705

points, with 6321 on the solid wall, and a first point wall normal spacing of 1 × 10−3.

The quadrilateral surface, as shown in Fig. 4.14(a), contains 6240 elements; while the

triangular surface contains exactly double at 12480 elements, as the triangles are formed

simply from the diagonals of the quadrilateral elements. The ability of the flow solver

to be able to deal with both types of surface element is necessary for Chapter 5, when

a mixture of element types is used when boundaries of separate bodies may intersect.

Representative surface pressure distributions at zero degrees angle of attack are

shown in Fig. 4.15 at three freestream Mach numbers, and two locations in the spanwise
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Figure 4.15: Pressure coefficients for
the Euler equations using quadrilat-
eral and triangular elements at three
freestream Mach numbers and two
spanwise locations for the Goland
wing.

direction close to the wing root (y/ytip = 0.15) and wing tip (y/ytip = 0.9). It can be

seen from Fig. 4.15(a) that the flow is subsonic at M∞ = 0.875; while higher Mach

numbers of M∞ = 0.9 and M∞ = 0.925 cause a transonic flow as seen in Figs. 4.15(b)

and 4.15(c) respectively. For both transonic freestream Mach numbers a strong shock

wave is formed near the wing root, weakening towards the tip. There is negligible

difference between the pressure coefficient plots in Fig. 4.15 for the domains using

quadrilateral and triangular elements with PML; and there is good agreement with the

finite volume solver PMB.

4.2.2 MDO Wing

The multidisciplinary optimisation (MDO) wing [121, 122] is a highly flexible, com-

mercial transport wing designed to operate in the transonic range. It has a span of

36m and a thick supercritical section. The planform of the wing, including the sur-

face discretisation using quadrilateral elements for the CFD simulations, is shown in
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(a) MDO wing planform

(b) Root section

(c) Mid section

(d) Tip section

Figure 4.16: MDO wing planform and cross sections.

Fig. 4.16(a); and the non-symmetric cross sections at the root, mid and tip locations

are also given in Fig. 4.16. A computational domain of 283233 points, with 6869 on

the solid wall is used for the solution of the Euler equations. Due to the virtual design

of the MDO wing, experimental data are not available [123]. The flow is simulated at

a fixed transonic freestream Mach number of 0.85 and zero degrees angle of attack.

The pressure coefficient at the position y/ytip = 0.4 is shown in Fig. 4.17(a), and

at y/ytip = 0.9 in Fig. 4.17(b). These results are compared with results obtained from

PMB and show good agreement.
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Figure 4.17: Comparison of computed inviscid pressure coefficients with PMB for
the MDO wing at M∞=0.85 and α=0◦.
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(a) ONERA M6 wing planform

(b) Root section

(c) Mid section

(d) Tip section

Figure 4.18: ONERA M6 wing planform and cross sections.

4.2.3 ONERA M6 Wing

For the third test case, we consider the flow over the ONERA M6 wing at transonic

conditions. The M6 wing is a semi-span wing, with a symmetric aerofoil section, leading

edge sweep angle of 30◦, an aspect ratio of 3.8, and a taper ratio of 0.562. The cross

sections of the wing at the root, mid and tip sections are given in Fig. 4.18. The flow

problem we consider has a freestream Mach number of 0.84 and an incidence of 3.06◦.

Experimental data for this wing are available in Ref. [124] at test case 2308.

The PML and PMB computations are performed with a point distribution of

1200452 points, of which 10907 are on the solid wall; the planform of the wing can

be seen in Fig. 4.18(a). Figure 4.19 shows PML surface pressure coefficient compar-

isons, with PMB and experimental data, at spanwise locations η = 0.2, 0.44, 0.65, 0.8,

0.9 and 0.96. A good overall agreement between computed and experimental results

can be observed; though, as expected, the PMB and PML results show more agreement

as they are inviscid computations. For η = 0.2, shown in Fig. 4.19(a), the lower surface

pressure coefficients agree well with the data, and there are two shock waves along the

chord on the upper surface. The forward shock is well predicted; the second shock wave

is predicted slightly downstream of the experimental shock location, which is typical

of inviscid methods for this case, as the PMB results agree. At η = 0.44, shown in

Fig. 4.19(b), the shock locations have begun to coalesce; and the leading edge suction

peak is well predicted. The shocks move even closer together, further along the wing,

as is shown in Figs. 4.19(c) and 4.19(d) at η = 0.65 and 0.8 respectively. At η = 0.9

and η = 0.96, shown in Figs. 4.19(e) and 4.19(f), the two shocks have merged to form

a single, relatively strong shock wave near 25% of the chord. Here the shock is sharply

captured, and the calculated pressures again agree well with PMB and reasonably well

with the experimental data.
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(b) Spanwise location η = 0.44
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(c) Spanwise location η = 0.65
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(d) Spanwise location η = 0.80
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(e) Spanwise location η = 0.90
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Figure 4.19: Comparison of computed inviscid pressure coefficients with PMB and
experiment for the ONERA M6 wing at M∞=0.84 and α=3.06◦.
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Part II

Development for Multibody Systems
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Chapter 5

Meshless Preprocessor

5.1 Scheme requirements

The meshless method, as described in Chapter 2, uses clouds of points to approximate

the derivatives in the partial differential equations. Although we are spared many of the

difficulties associated with complicated grid generation for finite volume calculations,

which is indeed the major benefit of the method, the selection of appropriate stencils,

which will give accurate results and are small enough for efficient calculations, is not

trivial.

In this chapter a preprocessor method is outlined that calculates the stencils re-

quired for the flow solver described in Part I. Section 5.2 outlines the steps involved

in the preprocessor method; Section 5.3 deals with the procedure for two-dimensional

point distributions, with results presented in Section 5.4; and Section 5.5 describes the

method in three-dimensions, with corresponding results presented in Section 5.6.

The focus of this work is on a stencil selection method that is to be used on a given

set of points. The points should be arranged so that the geometric features are well

resolved, and there are sufficient points to resolve flow phenomena associated with the

Navier-Stokes equations such as boundary layers. There are point generation methods

available in the literature [125–128] that could be used with the method described;

but, instead, we use points obtained from structured grids, such as those in Fig. 4.1(a)

due to their availability; though the method could be applied to unstructured grids if

necessary. The grids used to solve the Navier-Stokes equations can be highly anisotropic

in nature, so are stretched where rapid variation of the flow variables is expected, such

as near solid walls or in wake regions. The use of such distributions ensures that

the flow in these regions is resolved at relatively low cost. These grids are generated

around each body, or component of a body, individually; and then they are allowed to

overlap one another to cover the physical domain, so that, in this respect, the approach

mimics the Chimera method. The resultant overlap of the point distributions form a

single computational domain on which the solver directly operates; so, as there is no
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interpolation between the various input point distributions required, the method can be

potentially advantageous over the Chimera method since there is no need for difficult

interpolation cell identification, and there is no restriction on the relative resolutions

of the overlapping input domains. The freedom associated with the method regarding

these issues is particularly advantageous for performing moving-body simulations; such

problems are accommodated by moving the component grids of each body separately.

The stencil selection procedure is designed to work only on the point locations produced

by the overlap of the point distributions; whether these are the best point locations for

the flow solution is another issue, which is not dealt with in this work.

The overlap of point distributions means that points from one input domain may

fall inside the solid boundary of another input domain: such points must be blanked

and removed from the final computational domain. In addition, some moving-body

problems are characterised by the geometry itself changing during the simulation: con-

trol surface deflection is such an example. This means that it is necessary for the stencil

selection to be able to deal with intersecting solid wall boundaries if it is to be used in

such cases. A procedure that can select stencils from input grids in which the bodies

themselves overlap will also make the point generation stage even simpler; so an aircraft

geometry can be constructed by the intersection of its component geometry, such as

the fuselage and wing.

For the method to be useful as an engineering tool, it must satisfy a number of

requirements: robustness, automation and speed.

1. It is vital that a computational domain made up of multiple point distributions

and bodies has robust stencils for the flow solver. This means that stencils must

conform to the geometry of the problem, and be as accurate as possible on the

given distribution of points: failure to do so can result in slow convergence, poor

solutions and even solver failure.

2. The selection must be automatic: if it requires a large amount of user input then

the advantages of a meshless method are lost. This is especially true in the case

of a moving body simulation in which multiple stencil selection stages must be

made.

3. The repeated use of the stencil selection in moving-body simulations is also the

reason why the preprocessor must be fast. A large overhead compared with the

flow solver time may mean that alternative methods are preferable.

The meshless points are used to approximate the flow solution as accurately as

possible; and the quality of the stencils is ultimately judged by the accuracy with

which the flow can be calculated. Unfortunately, the functions to be approximated are

unknown before the stencils are to be selected, so only geometric considerations of the

point locations are available in the selection. A slightly modified method of selecting
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Figure 5.1: Common neighbourhood concepts based on geometric criteria.

stencils for unsteady, moving-body simulations using geometric considerations and the

flow solution from the previous real-time step is explored later in Chapter 6.

As mentioned in Chapter 1, the strict criteria that must be satisfied by the stencils,

without in any way considering the form of the solution that will be obtained, are that:

• there must be enough points chosen for each of the stencils so that the least

squares approximation can take place;

• the stencils must be physically large enough for sufficient stencil overlap to occur

to prevent discontinuities;

• and the points must not be arranged so as to result in a singular, or very poorly

conditioned, least squares matrix.

Intuitively, as described in Ref. [46], the stencils should contain a set of neighbouring

points, surrounding the star point, with a “centre of gravity” close to the star point

location of the stencil. Reference [81] presents some of the most common neighbourhood

concepts that are based on geometric criteria; two of these are

• Circular neighbour. To a point xi, the neighbourhood is defined as all the points

xj ∈ Ω that satisfy

|xj − xi|2 < r

The circular neighbourhood, however, does not guarantee that the neighbouring

points will be distributed around the star point, as all of the neighbours may lie

on one side of the stencil, as in Fig. 5.1(a); and the exact choice of r is also a

problem as will be shown below.

• Four quadrant criterion. This is very similar to the circular neighbourhood, but

ensures that points are chosen within each geometric quadrant surrounding the

star point. Thus, it guarantees that there will be points in all directions relative to

a coordinate system, Fig. 5.1(b), making it less likely to give poorly conditioned

stencils, though as Fig. 5.1(c) shows, it is not impossible for this to happen.
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Figure 5.2: The partitioning process of the quadtree.

For the efficient construction of stencils using such concepts, it is preferable for

appropriate search algorithms to be employed in the search for potential candidate

points. The quadtree [129] is one of the most popular, which is a tree data structure in

which each internal node has exactly four children. The first point that is added to the

tree is called the root node; and the four pointers associated with this node, that point

to the four branches below, are named northwest, northeast, southwest and southeast

(in Fig. 5.2 these are labelled NW, located top left; NE, located top right; SW, located

bottom left and SE, located bottom right, respectively). The quadtree then partitions

the space recursively by dividing it into four subregions. The position of the next node

to be added to the tree determines to which of these pointers it is assigned. Figure 5.2

shows a simple example for four points labelled A, B, C and D. Figure. 5.2(a) shows

the root node, point A, in the domain; Fig. 5.2(b) shows point B, which lies in the

southeast quadrant of the root; point C is added next, which belongs to the southwest

quadrant of the root, as is shown in Fig. 5.2(c); while Fig. 5.2(d) shows that point D

belongs to the northeast quadrant of point B. The tree structure for this partitioning

is shown in Fig. 5.2(e). A search region is defined, which is usually in the form of a

square or rectangle, and the points that are located within this region form the list of

candidate points. The partitioning method means that searching for points within the

prescribed search region does not require checking every point in the domain: only the

branches of the quadrants that overlap the search region. The search typically operates

in Nlog(N) time, where N is the number of points, as opposed to N2 time required by

a brute force search.
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Figure 5.3: Candidate point search and stencil selections using nearest neighbour
algorithms and anisotropic point distributions.

The first attempt at creating a meshless preprocessor was in two-dimensions, and

used no initial connectivity data. Quadtree searches were used to find the candidate

stencil points, and a quadrant procedure was used to select the stencils. The search

region used for the quadtree was determined using some initial reference length to form a

box around the point for which the stencil was to be constructed. If too few candidate

points were found in the original method, then the search region was increased and

the search starts again; if too many points were found, then the search region was

decreased. This process is straightforward if the point distributions are well-spaced or

isotropic throughout the domain. If this is not the case, then the anisotropy of the

points means that there is no clear way to determine if the number of candidate points

chosen is sufficient for an accurate stencil. For example, Fig. 5.3(a) shows a poorly

chosen search region for an anisotropic point distribution, as the points that lie within

are collinear, and so would cause a singular least squares matrix. This region can be

increased, though it cannot be determined exactly when the number of points obtained

is sufficient.

As well as the lack of robustness for the first requirement that the method must

have to be a practical engineering tool, this situation is also not ideal for the third

requirement. Not only are repeated searches and stencil checks expensive, but the

quadtree procedure gets less efficient as the search regions are increased. If a square

search region is used, then there may be hundreds of candidate points found to ensure a

well-conditioned least squares matrix. This would be costly for the quadrant procedure,

and, as only a small fraction of points are needed in the stencil, much of the effort

spent in finding and checking these points is unnecessary. If this is global, then it is

unnecessary work in regions of the domain where the point distributions are isotropic.

Non-square search regions could be used in parts of the domain where the points are

arranged in an anisotropic manner, while square regions could be reserved for the

isotropic point regions; however, this would require additional user input, and hence,

the procedure would not be fully automatic as the second requirement states.
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In addition to these problems, the quadrant procedure itself is not ideal for use

with overlapping anisotropic point distributions, as even if a satisfactory number of

points is found, the resulting stencils are not guaranteed to be adequate. The isotropic

nature of the quadrant procedure means that it has problems for cases, such as that in

Fig. 5.3(b), in which the nearest points in the top-right quadrant for a star point in the

boundary layer lie far from the boundary layer region. The method could be restricted

so that only point distributions are used in which the points lie exactly perpendicular

to the boundary wall; however, we wish to avoid the need to impose conditions on the

input domains, as this will require more effort in the point generation scheme. It is

clear that the points chosen is dependent on the fixed coordinate system, which is not

ideal. Accuracy is further compromised if a point from one grid falls into a region of

anisotropy of another as in Fig. 5.3(c). The star point would select point A in its stencil

as it is the closest in its quadrant; this would again mean that a point far outside the

boundary layer would be influencing the solution at the star.

The anisotropy of the point distributions, which are necessary to solve the Navier-

Stokes equations, means that a stencil selection method must be developed with this

property taken into account; and, in summary, the two major problems with stencil

selection methods on point distributions of this kind are in:

• the search for good candidate points;

• the selection of points from the candidates that reflect the anisotropy.

As a result of these issues, the notion of a “pure” meshless scheme was abandoned

for the preprocessor stage; instead, the original grid connectivities can be used, and

as such a semi-meshless method is obtained. The difficulties with finding an ideal

search region are avoided if the limits of the original grid stencils are used as an initial

search region, as in Fig. 5.4(a). They also help to make the point blanking process

much more robust and efficient, as will be described in Section 5.3.2. This now means

that all of the requirements above are satisfied for the search: there is no further

user input, computational time is reduced because only one search is necessary, and

robustness is guaranteed because the grid stencil itself could be used if no additional

points are found. There are still questions regarding the final stencil selection from

the candidate points, but using the initial connectivity as a guide can also help in

this process, especially regarding the anisotropy of the local points; the issues relevant

to this stage are addressed in Section 5.3.3. In using a semi-meshless approach an

additional requirement, to the previous three, is placed on the preprocessor scheme.

4. Despite using the grid connectivity as a guide, we still want to retain the simplicity

of the meshless method globally. This means that we wish to avoid operations

often used with finite volume methods, such as cut-cell methods, hole cutting, or

putting precedence on a single grid, or regions of several grids, when constructing

the stencils.
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Figure 5.4: Required input for preprocessor.

5.2 Preprocessor steps

There are four primary operations that the developed method performs to construct

the stencils required by the meshless flow solver.

1. Check if the solid wall boundaries from separate component grids overlap in any

way. This can be the case if we wish to construct a geometry from individual

component grids. If overlap occurs then the boundaries must be altered accord-

ingly.

2. Identify the points that lie within a solid body, which can occur when the grids

overlap. These hidden points are blanked and removed from the flow computation.

3. Select the meshless stencils for the remaining points.

4. Make sure that the resultant stencils respect the boundaries. This means check

that no stencils are formed that contain points that lie on the opposite side of a

solid wall.

The boundary definition, required in steps 1, 2 and 4, is an important stage of the

process. The bodies that make up the computational domain can be complex, and it is

essential that the selected stencils conform to the geometry of the problem. This is done

with a combination of flags that classify the points at various stages of the preprocessor,

and is based around tree algorithms for efficiency. The stencil selection of step 3, must

work with anisotropic point distributions, and satisfy the four requirements outlined in

Section 5.1. Each of the operations above is described for two and three-dimensional

geometries in the following sections.

The full user input is as follows: first, a list of points with coordinates; second, the

stencils that form the original grid connectivity (for both interior and boundary points

as shown in Fig. 5.4(a) and Fig. 5.4(b), respectively, for a case in two-dimensions);

third, a list of boundary elements that form the closed geometry, with the boundary

type, and a reference point, for each element, that lies on the inside of the domain in

that grid; this reference point is used to establish the inner normal vector for when the

vector perpendicular to the line segment is found, Fig. 5.4(c).
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(a) Edge bounding boxes (b) Bounding boxes intersect
but edges do not

(c) Bounding boxes intersect
and edges intersect

Figure 5.5: Tests to determine if edges intersect using bounding boxes.

5.3 Preprocessor in two-dimensions

5.3.1 Redefining boundaries

The first step is to identify and fix any boundary overlap. To do this the boundary

edge of one component grid is checked with each boundary edge from the other grids,

using a geometric intersection algorithm, to see if they intersect. As it is expensive to

check every edge against every other edge in the domain for an intersection directly,

we use the method described in Ref. [130] to reduce the number of edges that must

be checked. Bounding boxes are formed around each boundary edge so that the edge

coordinate limits form the corners of the box, Fig. 5.5(a); and each bounding box from

one grid is compared with those from the other grids to see if the boxes intersect. This

is done by transforming an object in RD to a point in R2×D, with point coordinates as

the limits of the object. A box in two-dimensions would therefore be seen as a point in

four-dimensions with coordinates

x = {xmin, ymin, xmax, ymax}

We can then construct a search tree, similar to the quadtree, containing each of these

higher-dimensional points. This method is also used in Refs. [131, 132], which are

concerned with Cartesian mesh techniques. If all of the boxes lie within a domain Ω,

with coordinate limits xΩ,min and xΩ,max, then two box elements a and b will intersect

if they satisfy 
xΩ,min

yΩ,min

xa,min

ya,min

 ≤


xb,min

yb,min

xb,max

yb,max

 ≤


xa,max

ya,max

xΩ,max

yΩ,max

 (5.1)

The tree is then traversed with the bounding boxes from grid 1 to see if any of the

bounding boxes from grid 2 overlap. If this is so, then only these edges must be

checked for intersection, which is done using a simple ray intersection algorithm [133],

80



A 

B 

A 

B 

A 

B 

(a) Cylinder A flag=1, Cylinder
B flag=1

A 

B 

A 

B 

A 

B 

(b) Cylinder A flag=0, Cylinder
B flag=0

A 

B 

A 

B 

A 

B 

(c) Cylinder A flag=1, Cylinder
B flag=0

Figure 5.6: Boolean addition and subtraction of two overlapping cylinders.

to distinguish between the cases illustrated in Figs. 5.5(b) and 5.5(c).

If edges intersect then it is necessary to redefine the boundaries to accommodate

the overlap. The new boundaries can be made with either a Boolean addition or a

Boolean subtraction. Each body is given a flag to indicate this: 1 for addition and

0 for subtraction. It is possible for a Boolean addition to occur for one body and a

subtraction for another. Cases for two circular cylinders are shown in Fig. 5.6.

The overlapping boundaries could be redefined with the addition of either a new

point or a new edge. If we were to redefine the boundary by adding a new point, it

would be necessary to search for a stencil for this point. This can be very difficult as the

number of candidate points can be very small in some regions where boundary overlap

occurs; the candidate points found can often lead to very poor stencils, and so there is

a greater risk of the solver failing at such points. This problem is avoided completely

if, instead, a new element is added where the intersection occurs. To decide which of

the boundary points in Fig. 5.7(a) should form the redefined boundary wall a normal

test is used, such that

nedge.(xpoint − xedge) ≥ 0 (5.2)

where nedge is the normal vector of the boundary edge, xedge is a point on this edge

and xpoint are the coordinates of the point on the other element to be tested against. If

Eq. (5.2) is satisfied, then the point is located in front of the boundary edge, within the

domain; if not, then the point lies behind the edge, possibly inside the wall. Surface

normal tests may fail if the body does not have the same normal in the vicinity of the

point to be tested: so it will often fail to identify a point located behind the wall if the

body is concave, or in front of the wall if the body is convex. In this case, however, the

test is applied only to straight line segments that intersect, therefore they are in the

same vicinity, so the test is acceptable.

The test is applied using the normal of edge A and both of the points forming edge

B. If the result is greater or equal to zero, then the point belonging to edge B is flagged

as IN; if it is less than zero then the point is flagged as OUT. The same operation is

performed for the normal of edge B and the points of edge A. If a point that belongs
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Figure 5.7: Boundary intersection and reallocation diagrams for two bodies requir-
ing Boolean addition.

to the boundary edge of a body that is flagged for a Boolean addition is flagged as IN,

then it is a continuation of the redefined boundary; otherwise, if it is flagged as OUT

then it is no longer a boundary point and is flagged as an interior point 1. The opposite

occurs for a body flagged for a Boolean subtraction: if a point on the boundary is

flagged as IN, it is flagged as an interior point, else it remains a boundary point.

Now that we know which of the boundary points form the redefined wall, it is rel-

atively simple to add a new element between the boundary points that make up the

intersection. It makes no physical sense for the new interior points to still have bound-

ary edges; hence, these edges (and those of their neighbours) are removed from the

boundary element list. It is also necessary to flag the points of the removed bound-

ary elements as interior, which is done by the use of a simple operation in which the

point sharing the same edge element is flagged until there are no boundary points left,

Fig. 5.7(c). In this way the boundaries have now been fully altered.

If there are more than two grids that form the final domain then the grids are

compared sequentially: so grids 1 and 2 are compared, then the resultant domain is

compared with grid 3, then the resultant domain is compared with grid 4, and so on.

5.3.2 Blanking points

The task of identifying the interior points that need to be blanked due to the overlap of

the input domains is done next; and, to keep the method as efficient as possible, a similar

higher-dimensional search algorithm to that used to identify intersecting boundary

edges is employed to identify the interior points that may need to be blanked. This

time search regions are defined, using boxes that are formed around the new boundary

edges of one grid, and a search is performed with a tree that is made up of the boxes

formed around the grid stencils in every other grid, as in Fig. 5.4(a). If a stencil overlaps

with a boundary edge, so it satisfies Eq. (5.1), as in Fig. 5.8(a), then some of the points

could lie inside a solid body. The normal test of Eq. (5.2) cannot solely be used now to

test if a point lies behind a wall because of its failure with the cases outlined previously;

1It could be that these points now lie inside a boundary wall, they are still flagged as interior for
now though, and will be blanked in the next step, outlined in Section 5.3.2.

82



Reference 

* * 

* 

(a) Box intersection

Reference 

* * 

* 

(b) Remove points from stencil

normal B 

normal A 

IN 

OUT  (if not 
previously IN) 

* 

* 

IN 

OUT 

Normal of edge A 

edge A 

OUT 

Normal of edge B v
 

v * 

t
 

(c) Normal test

Figure 5.8: Blanking point operations.

instead, the same ray intersections that are used to identify edge intersections are used,

which are much more robust. Thus, for each stencil box that intersects the boundary

edge box, rays between the star and every neighbouring point are formed within the

original stencil. If a ray intersects with the boundary edge then this neighbouring

point is removed from the stencil, as it must lie behind a boundary, as in Fig. 5.8(b).
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Normal of edge A 
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Normal of edge B v
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Figure 5.9: Situation with possible
multiple flaggings.

A normal test is then performed to identify

whether it is the star or the neighbouring point

that lies behind the wall. If Eq. (5.2) is sat-

isfied then it is flagged as IN, if not then it is

flagged as OUT provided it has not already been

flagged as IN, Fig 5.8(c). This system of flags

is needed to prevent the blanking of points that

lie behind a boundary wall, but are still inside

the domain, which can occur, as discussed for a

convex body, in Fig. 5.9, in which normal vector

B would flag the star point as OUT if it were

not for normal vector A flagging the point as

IN. As this is a global flag, then if the flag is at

any stage set to IN then it cannot be a blanked point. When each stencil is checked

in the domain, at the end of this step, all of those points that are flagged as OUT lie

inside a boundary wall and, therefore, are outside the computational domain.

A flood operation is then performed, in which the neighbouring points of a blanked

point are similarly blanked. This is to ensure that the points that lie inside the bound-

ary, but do not lie near the wall, are identified as such. Neighbours are defined as those

points that are within the same stencil: so a “leak” will not occur in the computational

domain due to the previous step in which points located on the opposite side of a wall

to the star were removed from its stencil. This process is repeated, so neighbours of

neighbours are blanked, until there are no points remaining. The blanked points are

removed from the flow solver computation by setting the residual for each point to zero,

and setting its diagonal block in the Jacobian matrix to the identity matrix.
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5.3.3 Stencil selection

The previous steps of the preprocessor ensure that the boundaries are defined properly,

points within solid bodies are blanked, and that stencils do not intersect any of the

boundaries. The interior stencils, however, are still grid dependent, so there is no

connectivity between the points from different input grids. The next step is to form

stencils, irrespective of the input domains, that effectively link the grids together to

form the final meshless domain connectivity for the flow solver.

The overlapping of the grids gives us a fixed set of points on which to construct

stencils that make the best approximation of the derivatives at the star point of an un-

known function Eq. (2.7), approximating the flow variables. As outlined in Section 5.1,

it is the anisotropy of the overlapping point distributions that causes the greatest dif-

ficulty for the stencil selection. If the function to be approximated has a high gradient

in a particular direction, such as in the boundary layer, then it is much more difficult

to select accurate stencils from the fixed anisotropic point distributions. An example

of this can be seen in Fig. 5.10 for a laminar Navier-Stokes calculation on a flat plate,

with a line of points added to the original structured grid in the boundary layer region

Fig. 5.10(a). The boundary layer thickness δ is plotted in Fig. 5.10(b) for cases when

the stencils are selected using the nearest neighbour/quadrant procedure and the sten-

cil selection method to be described below. The results are compared with the Blasius

solution; and it can be seen that the quadrant method, in general, gives lower values of

the boundary layer thickness. In addition, despite the influence of weights used in the

meshless solver, the curve plotted is not completely smooth. The reason for this can be

seen in Fig. 5.10(c) which shows two stencils that are selected using this method: one

of the stencils shown is located above the added line of points, and the other is located

below. The range of the points within the stencils is spread across the boundary layer

region causing the inaccuracies (please note the scale of this plot). In contrast, the

stencils selected using the method to be described in this section are more refined in

the boundary layer region, Fig. 5.10(d), to capture the high gradient flow, leading to

greater accuracy as seen in Fig. 5.10(b).

For stencils to be constructed for accurate flow simulations the points must be

chosen so that the worst case (highest gradient) functions that determine the flow are

best resolved. To do this, the underlying information about the anisotropy of the grids

before the overlap occurs is used in the selection, since these determine what functions

can be resolved; this is a different issue from what point distribution is needed to resolve

the actual solution function. We quantify the anisotropy by defining the resolving vector

v of a grid stencil, which points in the direction in which the original stencil is the finest,

that is, the direction for which a function is best resolved.

To determine the resolving vector, we use the point locations of the original grid

stencil. The resolving vectors are computed, for each point, before the overlap of the
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Figure 5.10: Comparison of results using classical nearest neighbour algorithm and
presented stencil selection method for solution of the Blasius boundary layer on
anisotropic point distributions.

input domains occurs, so the entire initial grid stencil is used in determining it, even if

some of the points within the initial stencil turn out to be blanked. This preserves the

quality of the resolving vectors for points that lie near a boundary wall of another input

domain; it also means that there is no need to recompute vectors during a moving-body

simulation, when some points will be blanked or unblanked during the computation.

The principal axes of the point cluster of the initial stencil are computed, which are

a set of orthogonal vectors, often used in the mechanics of rigid body motion; this

requires calculating the moments of inertia of the points, assuming equal mass

mx =
∑
j

(xj − xi)
2 my =

∑
j

(yj − yi)
2 mxy =

∑
j

(xj − xi)(yj − yi) (5.3)

where the sum j is over the points in the original grid stencil of point i. The angle of

the vector with respect to the x axis is then obtained from

θ =
1

2
arctan

(
2mxy

mx −my

)
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Figure 5.11: Defining the initial resolving vector and method of summation of
overlapping stencils.

As the range of arctan is −π
2 < θ < π

2 in radians, then only one of the principal axes

is found. The vector found may pass through the points as a line of best fit, as t in

Fig. 5.11(a); if this is the case then the vector perpendicular is the resolving vector

v; if not, then the principal axis found is the resolving vector. We can decide on the

choice of vector by rotating the points so that the principal axis found points in the y

direction. A projection of the points is then made on the y axis, and the largest value,

denoted |dy|, is stored. A projection is then made on the x axis, and the largest value,

denoted |dx|, is stored. If |dy| > |dx| then the resolving vector points orthogonal to the

principal axis found, else the resolving vector is the principal axis.

If we define the quantity γ as the distance from the star to the closest point in

the original stencil, Fig. 5.11(a), then we can set the length of the resolving vector

to vary inversely with γ (or some power p of γ) to reflect the refinement of the point

distribution in this direction. Thus,

v =
v̂

γp
(5.4)

where v̂ is the unit vector. This means that a small distance γ, as for a boundary layer

grid stencil point, will give a large resolving vector; and a point for which the stencil

is less refined will give a small resolving vector. When the grids overlap, we need to

automatically construct meshless stencils that will reflect the anisotropic nature of all

of the grids to capture the flow accurately. This is done, for each point, by searching

amongst the other grids for the stencils that overlap the original stencil of the point

in question. The same bounding boxes as in Fig. 5.4(a) are used as the search region,

with the quadtree search algorithm outlined in Section 5.1. The points that make

up all of the overlapping stencils found, form the list of candidate points from which

the meshless stencils are constructed. From each of these overlapping stencils, the

one with the lowest value of γ for each grid (so the finest stencil) is identified. It

is these stencils that will give the best estimation of the direction of refinement in

this region. The resolving vectors of these points, and the point for which the stencil

86



�2 

�1 

a 

b 

�1 

�2 

 y 

x 

New basis 

Resolving 
direction 

A 

B 

C 

D 

�1 

�2 

(a) Defining the new coordinate
system

�2 

�1 

a 

b 

* 

(b) Choosing a and b using sten-
cil projections

�1 

�2 

C 

D 2 

1 

A B 

(c) Quadrants around resolving
direction

Figure 5.12: Defining coordinate system and parameters for the merit function.

is being constructed, are then summed to give a resultant resolving direction for the

composite points in that region of the domain. Some examples of the summation of the

resolving vectors, with representations of the overlapping original stencils, are shown in

Figs. 5.11(b) and 5.11(c). For Fig. 5.11(b) the resultant resolving vector is an average

of both of the resolving vectors due to the stretched nature of both of the overlapping

stencils; while for Fig. 5.11(c) the resultant direction is more in the direction of the

stretched stencil as the other stencil is more isotropic. The higher the value of p in

Eq. (5.4), the more influence the finer stencils have on the resultant direction. In this

work the value p = 4 is used.

In the resultant resolving direction we define a new coordinate system as shown in

Fig. 5.12(a). The basis η is chosen so that η1 lies collinearly to the resultant resolving

direction and η2 lies orthogonal. Setting the star to be at the origin, we define ξ2 and

ξ1 to be the coefficients of η2 and η1 respectively, that form the coordinates of each

candidate point in this basis. Then a merit function ψ is defined, which rates each

candidate point in terms of the required direction and refinement, by balancing the

orthogonality and the distance of the points from the star,

ψ =
ξ22
a2

+
ξ21
b2

This equation is similar to the equation for an ellipse, with the constants, a and b, as

the semi-major axis and semi-minor axis. For each of the stencils in the overlap, the

largest projection of the vector from the star to each neighbouring point in the original

connectivity onto η1 is found. From each of these projections the smallest is used as

the value for b. Similarly, the largest projections onto η2 are found for each overlapping

stencil, and the smallest of these is used as the value for a, Fig. 5.12(b). It was found

that this was the best way to keep the stencils fine, but well-conditioned. In this system

the conditioning of the least squares matrix is further improved, as in Section 5.1, by

forming four quadrants around the axis system as shown in Fig. 5.12(c) from which

points are chosen independently, so the merit function is not compared between points

lying in different quadrants.
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For the meshless scheme in two-dimensions with a quadratic reconstruction, we need

at least seven points in each stencil for the system to be overdetermined, though more

are preferred to improve stability. Using Fig. 5.12(c), this is done by selecting one point

from quadrants A and B, each with the smallest values of ψ from their respective lists.

Then, from each quadrant A and B, we select another two unique points: one with

ξ1 > 0, and one with ξ1 < 0. Thus, we have six points from these quadrants total,

which are relatively spread. The maximum value of ψ from these six points is denoted

ψmax. To retain accuracy we then take one point from each of the quadrants C and

D, each with the lowest value of ψ, provided these values are less than ψmax. This

condition is to preserve the refinement of the meshless stencils; otherwise, it is possible

that the nearest points within C and D are very far away, which would destroy the

anisotropy. This can be seen in Fig. 5.12(c); the ellipse shown is at ψmax, and since the

value of ψ for the points in C and D exceed this, they are not selected, and the stencil

would remain at six points, or seven including the star.

The scheme can thus be defined as a quadrant scheme with the resolving vector

defining the coordinate system, and a merit function used to provide the anistotropy

required to solve the Navier-Stokes equations. This merit function is beneficial in that

the strength of the level of directional refinement of the final meshless stencils is de-

pendent on the original connectivities. For highly stretched stencils near the boundary

a≫b, and so the orthogonality of the points will have more of an influence on ψ: this

will lead to anisotropic meshless stencils. On the other hand, if the overlapping stencils

are more isotropic then a ≈ b and there is less refinement. In fact, for the special case

a = b, ψ resembles the equation for a circle and there is no refinement at all. It is for

this case that the method effectively reduces to the nearest neighbour algorithm with

quadrants.

5.3.4 Final boundary check

Once the stencils are created, the final step is to check that all of the stencils formed

respect the boundaries. This step is necessary because the previous boundary check

in Step 2 of Section 5.2, used stencils from the original grid connectivity and was to

identify blanked points; while the final stencils are formed using points from all of the

input domains. It is possible for the points of a stencil to lie on the opposite side

of a boundary wall where there are corners or sharp edges, such as the trailing edge

of an aerofoil. If a point within a stencil lies behind a solid wall to the star, then it

is simply removed from the stencil. This check is done using the same method as in

Section 5.3.2, though now each boundary edge must be checked with all of the stencils

in the domain, not just those from other grids. Consequently, the boundary check in

this step is slightly more expensive than previously in Step 2, but there is now no point

blanking scheme.
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5.4 Results in two-dimensions

Six test cases that demonstrate the preprocessor in two-dimensions are presented; each

case consists of two input geometries, which may not reflect a real life aerospace ap-

plication, but are designed to demonstrate the scheme. The first and second cases use

a biplane configuration to solve the Euler equations; the third, fourth and fifth cases

are also biplane configurations, for the solution of the laminar equations for the third,

and the RANS equations for the fourth and fifth cases; the sixth is a prototype control

surface deflection case, which demonstrates the ability to solve the RANS equations

with fully intersecting geometries.

5.4.1 Subsonic steady state flow

The first biplane configuration is formed by the overlap of two NACA 0012 aerofoils

of 9408 points, each with 96 on the solid wall boundary. The leading edge of the

upper aerofoil is located at the origin; while the leading edge of the lower aerofoil is at

(0.5,-0.5). The resultant fixed point distribution obtained from the overlapping grids

is presented in Fig. 5.13(a). The blanked points are not shown, and so it is on these

points that the stencil selection is made. The inviscid, steady state pressure contours

at a freestream Mach number of 0.5 and zero degrees angle of attack are presented in

Fig. 5.13(c).

A block structured grid was generated for comparison, shown in Fig. 5.13(b), and the

same flow case was simulated using PMB. The surface pressure distribution is compared

with that of the meshless computation, and the results are given in Fig. 5.13(d), which

show good agreement.

time (s) %

Check boundary overlap 0.00001 <0.1
Point blanking 0.03 0.07
Stencil selection 1.62 3.86
Final boundary check 0.03 0.07
Solver time 40.23 95.76

Table 5.1: Timings for each stage of the preprocessor in seconds and as a percentage
of total computational time for the subsonic biplane case.

The timings for each of the steps involved in the PML scheme are given in Table 5.1.

Steps one, two and four of the preprocessor are the most cost effective, which is due to

only the boundary elements being processed. Step three is the most expensive due to

every point in the domain having to perform a global search, and then select the best

stencils from the candidate points found. The preprocessor stage is about 4% of the

total solution time. It should be noted that this is for a steady case, and so convergence
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(a) Meshless point distribution
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(b) Block structured grid used by PMB
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(c) PML pressure contours
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Figure 5.13: Results for biplane configuration solving the Euler equations at
M∞=0.5, α=0◦ compared with a finite volume result using PMB.

is achieved to five orders of magnitude from the initial, freestream conditions. It also

means that explicit steps are required as a start-up before the implicit solver is used,

which takes up about 50%-60% of the solver time. The start up is not required for every

step in an unsteady calculation (only the first), and convergence is to three orders of

magnitude per time step; such cases will be seen in Section 6.2.2.

5.4.2 Transonic steady flow using input domains of varying density

The second case tests the stencil selection when the point distributions in the overlap

region are of varying density. For this another biplane case is considered, with one

aerofoil using the same point distribution, while the other is of increasing refinement.

The meshes for the second aerofoil are labelled coarse, medium and fine, and are of size

5686 points, with 128 points on the solid wall; 22380 points, with 256 points on the
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(a) PML pressure contours
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(c) PML pressure distribution
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(d) Comparison with Ref. [134]

Figure 5.14: Results for biplane configuration at inviscid flow conditions
M∞=0.755, α=0.016◦ compared with Ref. [134], which uses a Chimera solver.

boundary wall; and 88792, with 512 on the solid wall. The first aerofoil uses the grid

from Section 5.4.1 (so is the coarsest of all), with the leading edge located at (0.2,-1.0);

the second aerofoils have the leading edge at the origin.

The flow conditions for this case have a freestream Mach number of 0.755 and an

angle of attack of 0.016◦, so there is a strong shock between the aerofoils within the

overlap region; this can be seen in the pressure contours in Fig. 5.14(a). The surface

pressure coefficients for each point distribution are plotted together in Fig. 5.14(c). It

can be seen that the shock becomes better resolved on the upper aerofoil as the point

distributions become more refined; the shock on the lower aerofoil is improved only

slightly because this point distribution remains the same throughout. There are no

errors caused by the point distributions being of different densities, which would be

the case if there were significant differences in the solutions. Fig. 5.14(d) presents the
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(a) Coarse point distribution
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(b) Coarse surface pressure distribution
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(c) Medium point distribution
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(d) Medium surface pressure distribution
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Figure 5.15: Results for biplane configuration at inviscid flow conditions of
M∞=0.755, α=0.016◦ with a coarse, medium and fine upper aerofoil point dis-
tribution.
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Figure 5.16: Results for the laminar biplane case at M∞=0.8, α=10◦ and Re=500
compared with numerical results from Ref. [135].

second order PML flow results for the case with the fine upper aerofoil, and numerical

results from Ref. [134], which uses the chimera grid method on two overlapping aerofoils

in a structured grid format. These results show good agreement, though there is a slight

difference for the shock size on the lower aerofoil due to the coarse aerofoil used at this

location. The first order results of PML are included to show the effect of the second

order terms in Eq. (2.23). The second order accuracy can also be seen in Fig. 5.14(b),

which plots where the flux limiter applied to the pressure has effect; it can be seen that

these regions coincide with the shock locations as expected. The point distributions

and surface pressure plots are shown in Fig. 5.15, in which we can see the increased

refinement of the points of the upper aerofoil. Again we can see that the resolution of

the shock waves is stronger as a result of the refinement, despite the mismatch of the

overlapping grids in point density.
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(a) PML Pressure contours
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Figure 5.17: Results for the RANS
biplane case at M∞=0.6, α=2.89◦

and Re=4.8 million compared with
finite volume results from PMB.

5.4.3 Laminar steady state flow

This test case involves simulating laminar flow past two NACA 0012 aerofoils, forming

a staggered biplane so that the lower aerofoil has its leading edge at the origin, while

the upper aerofoil has its leading edge at (0.5,0.5). The lower aerofoil consists of 15428

points, with 176 points on the solid wall, and the upper aerofoil is the same as that

used for the medium point distribution for the test case in Section 5.4.2; thus, this

case demonstrates the use of overlapping point distributions of different resolutions for

viscous flows. The flow conditions are M∞ = 0.8, α = 10◦ and Re = 500. A view of

the resultant point distributions is given in Fig. 5.16(a); it can be seen that points from

one input domain will fall into the region close to the boundary walls of the other input

domain. The streamlines shown in Fig. 5.16(b) show two vortices; the secondary vortex

is due to the presence of the lower aerofoil as this effect is not seen for a single aerofoil

under these flow conditions, as is discussed in Ref. [135]. This reference also presents

pressure and skin friction coefficient distributions for this case; the results from PML

are in good agreement with this data, as can been seen in Figs. 5.16(c) and 5.16(d).
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(a) PML Pressure contours
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Figure 5.18: Results for the RANS
biplane case at M∞=0.7, α=1.49◦

and Re=9 million compared with fi-
nite volume results from PMB.

5.4.4 RANS steady state flow

The biplane configuration is further analysed using the preprocessor and meshless

method, for solving the RANS equations with the SA turbulence model. The aero-

foils are two NACA 0012 aerofoils of 15017 points, with 308 of those on the solid wall,

for each grid. The locations of the aerofoils are the same as in Section 5.4.1; and

it should be noted that the point distributions have the same form as the aerofoil in

Fig. 4.1(b), that is, they have an anisotropic, structured format near the boundary walls

and an unstructured format further away. The minimum wall normal spacing for the

aerofoils is 10−5 of the chord length. The flow conditions are at M∞ = 0.6, α = 2.89◦

and Re = 4.8 million; coinciding with the flow conditions for the AGARD CT1 case for

a single aerofoil, which was studied in Section 4.1.6. The pressure contours for this case

are shown in Fig. 5.17(a). This case is also compared with the flow results from PMB,

for which a structured grid, of the same format as in Fig. 5.13(b), was generated; and

the surface pressure distributions and skin friction coefficient are shown in Figs. 5.17(b)

and 5.17(c) respectively, in which good agreement is obtained.
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Figure 5.19: Input connectivities of the main body and control surface geometries.

A transonic case is also tested, with input domains of 36437 points, with 464 points

on the solid wall, in the exact same locations. The flow conditions are set toM∞ = 0.7,

α = 1.49◦ and Re = 9 million; these conditions produce two shocks formed on the upper

aerofoil and one on the lower, which can be seen in Fig. 5.18(a). The same case is run

with PMB as a comparison, and the surface pressure distribution and skin friction

coefficient is given in Figs. 5.18(b) and 5.18(c) respectively, which again show good

agreement.

5.4.5 Deflected control surface case

In this section, steady state simulations of an idealised control surface configuration at

various angles of deflection are performed. It is possible to generate a different point

distribution to accommodate each deflection separately, though the flexibility of the

preprocessor and meshless method is employed by overlapping individual component

grids representing the main body, which consists of 94849 points, with 415 on the solid

wall, Fig. 5.19(a); and the control surface, which is a much smaller domain consisting

of 13360 points, with 256 on the solid wall, Fig. 5.19(b). These components are used to

solve the RANS equations with the SA turbulence model; and each have a minimum

wall normal point spacing of 1× 10−5.

Note that the main body is a truncated NACA 0012 aerofoil with a blunt trail-

ing edge at x = 0.75 (0.75c of the original aerofoil); the point distribution has an

anisotropic, structured format near the boundary walls, which changes to an unstruc-

tured format further away (about 0.3c of the original aerofoil) from the solid wall. The

control surface is a component mesh, in a structured format, with its origin positioned

at location (0.75, 0), overlapping the main body point distribution; thus, the bound-

aries of the input domains intersect. The control surface body rotates around this
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Figure 5.20: Close-up of boundary layer region at the intersection between the two
bodies on the upper surface at β=20◦ at turbulent flow conditions Mach 0.2, zero
degrees angle of attack and Reynolds number 5 million.

position to provide the required deflection at angles, β, of 0◦, 10◦ and 20◦, where the

positive angle represents a downward deflection. The equations are solved at each of

these configurations, at flow conditions M∞ = 0.2, α = 0◦ and Re = 5 million, to

demonstrate the capabilities of the preprocessor and flow solver for such cases.

Figure 5.20 shows close-ups of the upper surface when the control surface is at

angle β = 20◦, at locations near the intersection point between the bodies and just

along the surface of the control surface. The set of points at x = 0.749 and x = 0.75 in

Figs. 5.20(a) and 5.20(c) belong to the main body, while the remaining points belong

to the control surface; it is clear that points from the control surface fall into the

boundary layer region of the main body. Similarly, points from the main body fall

into the boundary layer region of the control surface in Figs. 5.20(b) and 5.20(d): the

points at x = 0.7538 belong to the main body, while the rest belong to the control
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(a) Point distribution at β = 0◦ (b) Pressure coefficient plot at β = 0◦
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(c) Point distribution at β = 10◦ (d) Pressure coefficient plot at β = 10◦
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(e) Point distribution at β = 20◦ (f) Pressure coefficient plot at β = 20◦

Figure 5.21: Point distribution of the main body and control surface configuration
at various angles of deflection β, with pressure coefficient plots at turbulent flow
conditions M∞=0.2, α=0◦, Re=5 million.
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surface. Figures 5.20(a) and 5.20(b) show some of the stencils in these regions; all of

the stencils shown are anisotropic and contain points belonging to both bodies. It is

interesting to note that the stencils that are located second furthest from the wall in

Fig. 5.20(a), and furthest from the wall in Fig. 5.20(b) contain only six points. This

is because the ψmax condition is violated for the points that are located directly above

and below the star points of the stencils in question; both of these points belong to the

point distribution generated around the control surface, and the set of points from the

boundary wall that the stars belong to are coarser than the sets either side in these

locations, which is why this occurs. The velocity vectors are plotted for these points in

Figs. 5.20(c) and 5.20(d), from which the boundary layer can be distinguished.

The resultant point distributions of the overlap at β of 0◦, 10◦ and 20◦ are presented

in Figs. 5.21(a), 5.21(c) and 5.21(e) respectively; and the pressure coefficient plots of

each of these cases is presented in Figs. 5.21(b), 5.21(d) and 5.21(f) respectively. It can

be seen that for the case β = 0◦ the configuration acts just as a NACA 0012 aerofoil,

at the given flow conditions. At β = 10◦ and β = 20◦ the camber increases, causing an

unsymmetric flow over the configuration, which would produce a pitch down motion.

Control surface deflections are analysed further in Chapter 6 for unsteady, moving-body

flows.
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5.5 Preprocessor in three-dimensions

The development of the preprocessor in three-dimensions follows the same reasoning as

for the two-dimensional preprocessor outlined in Section 5.1; and so the extension to

three-dimensions is relatively straightforward. However, there are more complications

with the method in three-dimensions, particularly regarding the computational geome-

try required in the boundary reallocation and point blanking operations. For example,

in two-dimensions two infinitely long lines will always intersect unless they are parallel;

in three-dimensions this is not necessarily the case, as it is possible for two lines to be

skew. This can cause difficulties regarding tolerances when determining intersections;

consequently, projections must often be made onto two-dimensional surfaces in such

operations for robustness. Due to complications such as this, it is worth summarising

the procedure again separately for clarity; some of the details referred to are outlined

in Appendix C. The input required and steps making up the procedure for the three-

dimensional preprocessor are the same as described in Section 5.2. The form of the

initial, input stencil connectivities for interior and boundary point stencils can be seen

in Fig. 4.12 for reference; and each of the steps required is outlined in the following

sections.

5.5.1 Redefining boundaries

The first step of the preprocessor is to see if the boundary elements of the

composite domains intersect. The initial test for boundary overlap in three-

dimensions follows the same procedure as for the two-dimensional method in Sec-

tion 5.3.1. First, bounding boxes are formed around each element, as in Fig. 5.22.

T
2 

T
1 

No intersection 

Intersection 

T
2 

T
1 

Figure 5.22: Bounding box around
quadrilateral element.

A search tree is created for each input domain,

containing all of the boundary elements from

the respective domain. The trees store the co-

ordinate limits of the bounding box

x = {xmin, ymin, zmin, xmax, ymax, zmax}

so each element can be represented as a point

in six-dimensions.

We test for element intersection by travers-

ing each search tree, excluding the tree to which

the element belongs, using the bounding box of

the element in question as the search region. If elements are found in the tree, using

the six-dimensional form of Eq. (5.1), then the bounding boxes of the elements found

intersect that of the element in question; though, of course, we still need to explicitly

check if the elements within the boxes intersect.
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(a) Two boundaries from different bodies in-
tersecting

(b) Successful triangulation across the bound-
ary intersection

Figure 5.23: Method of redefining the solid boundaries after intersection.

The test for element intersection is more difficult than the segment intersection per-

formed in two-dimensions. For example, complications arise if the elements that make

up the boundary surfaces have more than three sides. This means that the points

making up each element are not necessarily coplanar, and so operations using com-

putational geometry are more difficult to perform robustly; as such, it is necessary to

break the elements up, even if only temporarily, into triangles. As the points making

up a triangle do share the same plane, they have a well defined normal for which the

algorithms that are used are robust; though this means that if the elements are quadri-

laterals, more element intersection tests must be made per bounding box intersection.

The algorithm to test for an intersection between two triangles T1 and T2 in a three-

dimensional space can be found in Ref. [136]; the principles of the method are stated

in Appendix C.2 briefly for completeness. Difficulties arise with the algorithm if the

triangles to be tested are nearly coplanar, or when an edge is nearly coplanar to the

other triangle: see the reference for more information on these cases.

If the triangles intersect, then the elements of the geometry intersect. If the bound-

ary elements belong to solid walls, then the boundaries are reallocated to account for

the intersection; if any other combination of boundaries intersect, which may occur in

an unsteady, moving-body simulation because of the relative motion due to the forces

acting on the bodies, then an error is returned and the preprocessor stops. New ele-

ments are created over the intersection region to account for the intersection of solid

bodies, which is a preferred method over creating new points, for the same reasons as

stated in Section 5.3.1 for the preprocessor in two-dimensions. The new elements are

triangles, attempting to form a Delaunay triangulation, formed from the edge of an

intersecting element and a point from the intersecting body: so that at least one of the

points of the new triangles comes from each of the bodies that intersect, Fig. 5.23. The

ability of the flow solver to operate on surfaces consisting of quadrilateral or triangular

elements was demonstrated in Section 4.2.1. To accomplish this boundary reallocation,

it is necessary to flag each element for which an intersection occurs, and also to store

the elements that intersect it. The subsequent procedure used is written in six steps

for brevity in Appendix C.3. The ideal result of the operation is shown in Fig. 5.23,

and this will be seen in some of the examples shown in Section 5.6.
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* 

* IN 

OUT (if not 
previously IN) 

(a) Ray between star point and stencil point
intersects the triangle within the plane

* 

* IN 

OUT (if not 
previously IN) 

(b) Normal test identifies the star as IN, the
stencil point may be OUT

Figure 5.24: Blanking point operations in three-dimensions.

5.5.2 Blanking points

The general procedure for blanking points in three-dimensions is very similar to that in

two-dimensions, except that the possible intersection of an initial stencil and boundary

element is identified using the six-dimensional search tree algorithm outlined in the pre-

vious section, and the geometric intersection uses a ray-element intersection algorithm.

If the bounding box around the initial, input stencil and the bounding box around the

element intersect, then a ray is formed between the star point and every other point

in the stencil. Each ray is tested against the element found for an intersection, to see

if either point may need to be blanked. Again, if the element is a quadrilateral then

it must first be broken up into triangles. The algorithm for a ray-triangle intersec-

tion, which is also used in the reallocation of the boundaries, is stated in two steps

in Appendix C.1. An intersection means that either the star or neighbouring point

may lie within a boundary wall, and so both must be checked to see if either should

be blanked, Fig. 5.24. The same normal tests described in Section 5.3.2 are used to

classify the points; and the same flood operation is used at the end to blank remaining

points internal to a solid wall.

5.5.3 Stencil selection

The concept of resolving vectors is continued to the stencil selection in three-dimensions.

Individual, local resolving vectors are again determined from calculating the principal

axes of inertia of the point cluster, where each point has unit mass. In three-dimensions

these vectors can be found from calculating the eigenvectors of the moment of intertia
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tensor (denoted I, but not to be confused with the identity matrix), written as

I =

Ixx Ixy Ixz

Ixy Iyy Iyz

Ixz Iyz Izz


where the elements of this matrix are the products of inertia, given by

Ixx =
∑
j∈Ωi

{(yj − yi) + (zj − zi)}

Iyy =
∑
j∈Ωi

{(xj − xi) + (zj − zi)}

Izz =
∑
j∈Ωi

{(xj − xi) + (yj − yi)}

Ixy = −
∑
j∈Ωi

(xj − xi)(yj − yi)

Ixz = −
∑
j∈Ωi

(xj − xi)(zj − zi)

Iyz = −
∑
j∈Ωi

(yj − yi)(zj − zi)

The eigenvectors of I can be found numerically using the Jacobi iterative method.

* 

¸
¸
¸

¹

·

¨
¨
¨

©

§

 

zzzyzx

yzyyyx

xzxyxx

III

III

III

I

Figure 5.25: Determining the re-
solving vector using the principal
axes of inertia.

To determine which of these vectors should be the

local resolving vector, we perform a change of basis

so that the eigenvectors form the new coordinate

system of the initial stencil, Fig. 5.25, with the

star point located at the origin. In this way the x,

y and z axes coincide with the eigenvectors found.

We then find the largest absolute value of x, y

and z, labelled |dx|, |dy| and |dz| respectively, of
all of the points in this basis, and the smallest

of these maximum values determines the choice of

eigenvector to be the resolving vector; so,

v =


veig,x, if |dx| = min(|dx|, |dy|, |dz|)

veig,y, if |dy| = min(|dx|, |dy|, |dz|)

veig,z, if |dz| = min(|dx|, |dy|, |dz|)

where v is the resolving vector choice. The length of the resolving vector is set according

to the smallest length, denoted γ, in the initial stencil, in the same way as Eq. (5.4);

and the value p = 4 is retained.
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(a) Stencil with no anisotropy (b) Stencil with one direction
of anisotropy

(c) Stencil with two directions
of anisotropy

Figure 5.26: Directions of anisotropy for stencils in three-dimensions.

Recall, from Section 5.3.3, that the resultant resolving direction defines a new co-

ordinate system, in which the merit function is applied to a list of candidate points.

In two-dimensions, two vectors are needed to define a basis: one is the resolving vec-

tor and the other is the vector orthogonal to this; however, in three-dimensions, three

vectors are needed to define a basis: one is the resolving vector, but the other two vec-

tors could be any orthogonal vectors within the plane that is normal to the resolving

vector. Consider the various stencil types in three-dimensions that reflect the various

directions of anisotropy, shown in Fig. 5.26. The stencil in Fig. 5.26(a) is isotropic, so

the vectors are trivial; the stencil in Fig. 5.26(b) is fine only in the z direction, so the

remaining two vectors could lie anywhere in the xy plane; the stencil in Fig. 5.26(c) is

fine most in the z direction, but it is also fine in the x direction, so the choice of basis

in which to define the coordinate system is more constrained and should reflect this

point direction. Thus, the choice of vectors is not trivial, as stencils can be anisotropic

in two directions in three-dimensions: it is therefore necessary to introduce another

vector to resolve the functions. This vector is orthogonal to the vector defined above,

and is called the orthogonal resolving vector vo; and points in the direction where there

is second most refinement: the orthogonal resolving vector for the case in Fig. 5.26(c),

therefore, points along the x axis. The length of this vector is determined by the small-

est length, denoted γl, in the initial stencil along this axis, with which the vector varies

inversely, thus,

vo =
v̂o

γpl
(5.5)

When the overlapping stencils are identified, using the same procedure described in

Section 5.3.3, the sum of resolving vectors and orthogonal resolving vectors is made.

The sum of the resolving vectors defines one axis of the new coordinate basis η; the

second axis is taken as that within the plane normal to the resolving vector, which forms

the smallest angle with the sum of the orthogonal resolving vectors. It is important

that the resolving vectors to be summed point in the same direction (that is, the angle

between them is less than 90◦), otherwise the vectors will have the effect of cancelling

out, not summing: this is checked before the sum takes place. It is easy to reverse the
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(a) Eight sectors surrounding
the star point

(b) Additional cones that will
be placed amongst sectors

(c) Union of sectors

ha

Figure 5.27: Selection of points in basis η for three-dimensional point distributions.

direction of one of the vectors for the summing process if this is the case. The third

vector in the basis is, of course, orthogonal to the first two vectors, and can be found

using the vector product. It is in this basis that the merit function is applied.

The ellipse shaped merit function used in two-dimensions is replaced by an ellipsoid

merit function, which will rate each candidate point in terms of the required direction

and refinement by balancing the orthogonality of the points chosen (for refinement)

and the distance. Setting the star to be at the origin, we define ξ1, ξ2 and ξ3 to be the

coefficients of η respectively, that form the coordinates of each candidate point in the

basis. The merit function ψ takes the form

ψ =
ξ21
a2

+
ξ22
b2

+
ξ23
c2

The constants a, b and c are chosen from projections onto the axes in the space η, as in

the two-dimensional scheme. The points are selected in the basis according to octants to

keep the stencils well-conditioned; these octants are positioned along the η1η2, η2η3 and

η1η3 planes, Fig. 5.27(a). Furthermore, there are additional cones introduced to impose

the ψmax condition of Section 5.3.3, and to take into account the second direction of

anisotropy; these are placed with the opening angle pointing in the direction of least

refinement, as shown in Fig. 5.27(b), and are used in conjuction with the octants to

form the full cofiguration of 16 sectors, Fig. 5.27(c).

To form an overdetermined, linear system in three-dimensions we need more than

four points, but due to stability issues we require more. To be consistent with the

stencils forming the input domains, which are also used in Chapter 4 and are obtained

from structured grids, the stencils are constructed so that they contain 27 points. First,

one point is chosen from each cone with the smallest value of ψ; then two points with

the lowest values of ψ are chosen from each of the octants within the cones to form

part of the stencil. The maximum value of ψ from these 18 points is denoted ψmax. To

retain accuracy we then take one point from each of the octants that are not within the

cones, each with the lowest value of ψ, provided these values are less than ψmax. Thus,

in this scheme, the stencils for three-dimensional meshless calculations have between 18
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Figure 5.28: Comparison of PML flow solution and convergence history using initial
grid connectivity and stencil selection methods on a Goland wing at freestream
Mach number 0.9 and 0 degrees angle of attack.

and 26 points in, not including the star point itself. Larger stencils can be constructed,

by simply selecting more points from the sectors, if needed for higher order polynomial

reconstruction. Such large stencils ensure not only that the least squares system is

over-determined, but also that there is sufficient overlap of the resultant stencils to

produce accurate, well converged solutions.

The final boundary check, as is used in Section 5.3.4, is needed to make sure that

the selected stencils conform to the boundaries. The method is the same, but with the

ray-element intersection, described in the previous section, used to check the stencils.

5.6 Results in three-dimensions

In this section three test cases that demonstrate the capabilities of the preprocessor and

solver are presented. For each case the preprocessor first works to select the stencils

from various input geometries, then the meshless solver solves the Euler equations

on the resultant domains. As in Section 5.4, the test cases do not reflect a real life

aerospace application, but are designed to demonstrate the scheme.

The first case concerns the stencil selection on a single geometry; and comparisons

are made with the flow solution when the grid connectivity of the input grid is used,

and when a classical nearest neighbour approach is used. The second case is the DLR-

F6 [137, 138] transport aircraft configuration. This case uses two input geometries:

one around the wing and one around the fuselage; it therefore tests the ability of the

scheme to work on intersecting geometries. The third and final case is a generic fighter

aircraft configuration, based on publicly available data for the F-16; and consists of five

intersecting input geometries to further demonstrate the method.
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(a) Fuselage surface discretisation and wing location

(b) Wing planform and depth of intersection

Y
X

Z

(c) Leading edge

Y

X

Z

(d) Mid-chord

Y X

Z

(e) Trailing edge

Figure 5.29: Configuration of the fuselage and wing input geometries, and new ele-
ments that are created by the preprocessor as a result of the geometries intersecting
for the DLR-F6 test case.

5.6.1 Single geometry stencil selection

The method of calculating the local resolving vectors, evaluation of the parameters in

the merit function and the selection of the points, was tested on a single geometry,

so that the coupling of the resolving vectors and separate point distributions has no

effect. The point distribution and initial connectivity used is the Goland wing case,

which was tested in Section 4.2.1. The initial grid stencils are used to determine the

resolving vectors and values in ψ; they are not used any further, as in keeping with the

method when it is to be used on fully overlapping point distributions. The results of the

flow solver using these stencils is compared with the results of the flow solver using the

initial grid connectivity in Fig. 5.28, at inviscid flow conditions of M∞ = 0.9 and α = 0

degrees. It can be seen that the surface pressure distributions in Fig. 5.28(a) show good

agreement; and the convergence rates in Fig. 5.28(b) are comparable. For comparison,

results for this case are also presented for a nearest neighbour scheme using no resolving

vectors and an octant search, with three points selected in each. The results show that

even for a single point distribution, generated from a mesh, such a simple technique

gives poor results.
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Figure 5.30: Surface pressure co-
efficient plots for the DLR-F6 test
case at M∞=0.8 and α=0◦, com-
pared with results from Ref. [139].

5.6.2 DLR-F6 fuselage-wing configuration

To continue the study, a more complex case is chosen for testing: the DLR-F6 config-

uration. The DLR-F6 represents a twin-engine, wide-body transport aircraft and has

been the focus of several wind tunnel tests and computational studies. The test case

presented consists of a simplified wing-fuselage geometry that has been used in the past

for validation of CFD codes at the second [137] and third [138] AIAA sponsored Drag

Prediction Workshops.

The procedure is tested by forming the F6 geometry from individual components

for a steady state simulation. This is done from two input geometries: the fuselage,

consisting of 2.5 million points, with 7098 on the solid wall; and the wing, consisting

of 0.6 million points with 6730 on the solid wall. The location of the bodies can be

seen in Figs. 5.29(a) and 5.29(b). The fuselage and wing intersect one another directly;

and the new elements, created to accommodate the intersection, which are triangles

as explained in Section 5.5.1, can be seen in red at the leading edge, mid-chord and
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time (s) %

Boundary reallocation 1.33 0.14
Point blanking 5.88 0.63
Point searches 283.53 30.25
Point sorting 476.59 50.85
Boundary stencils 108.26 11.55
Final boundary check 61.70 6.58

Table 5.2: Timings for each stage of the preprocessor in seconds and as a percentage
of total preprocessor time for the DLR-F6 case.

(a) View of the locations of the separate
input domains.

(b) Solid wall surfaces (in black) and
symmetry plane (in red).

Figure 5.31: Geometry of the OSF Case 2 when components are assembled.

trailing edge location of the wing in Figs. 5.29(c), 5.29(d) and 5.29(e) respectively.

The timings for each stage of the preprocessor are presented in Table 5.2 to give

a breakdown of the costs. As is the case for the two-dimensional scheme, the stencil

selection stage is the most expensive, which consists of the point searching and point

sorting stages. The selection of points for the boundary stencils is also part of the stencil

selection: it is needed for the boundary points that form new boundary elements. The

searches take nearly five minutes, the point sorting takes nearly eight minutes and the

selection of the stencils for the required boundary points takes almost two minutes:

this is about 92% of the cost of the entire scheme. Thus, future work on code efficiency

should be made on these steps first.

The resultant stencils are used by the meshless flow solver to solve the Euler equa-

tions at Mach 0.8 and zero degrees angle of attack. The results for this case are shown

in Fig. 5.30. Surface pressure coefficient plots at three spanwise locations along the

wing are given in Figs 5.30(a), 5.30(b) and 5.30(c). These plots are compared with

results from Ref. [139], which uses the complete finite volume grid of this configuration,

and an unstructured flow solver at the same flow conditions. The results show good

agreement for this case, and the shock location is well predicted.
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No. surface points No. total points Quantity Case

Fuselage 12738 2430360 1 1 and 2
Wing 5106 610462 1 1 and 2
Tip store 4342 130650 1 1 and 2
Vertical stabiliser 8422 350846 1 2
Horizontal stabiliser 8422 350846 1 2

Table 5.3: Components of the Open Source Fighter cases.
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(a) Pressure coefficient at y/ytip = 0.59
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(b) Pressure coefficient at y/ytip = 0.85

Figure 5.32: Surface pressure coefficient plots for the OSF Case 1, at M∞=0.85 and
α= 2.12◦, compared with results from PMB and experimental data from Ref. [140].

5.6.3 Open Source Fighter

A generic fighter configuration is tested next, using a model that is based on publicly

available data for the F-16, and is called the Open Source Fighter (OSF) in this work

[141]. The OSF is a model designed to establish a test case which is recognisable as

an aircraft, and has similar aerodynamic charateristics to the F-16, without replicating

the actual behaviour of the F-16 itself; thus, the model contains several inaccuracies

with respect to a realistic geometry.

Two cases are tested in this section: one in which the model is built from three

individual components, and one in which it is built from five components; in both cases

all of the bodies will fully intersect. Case 1 consists of the fuselage, wing and tip store;

and the results obtained can be compared with those from PMB, which is tested on

the same configuration using a full mesh. Case 2 consists of the fuselage, wing, tip

store, horizontal, and vertical stabilisers; and is to further demonstrate the meshless

preprocessor. Figure 5.31(a) shows the resulting surface when all of the components

are assembled for Case 2; and the size of each of the input domains for each case is

summarised in Table 5.3.
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(a) Front view (b) Rear view

Figure 5.33: Pressure contours for OSF Case 2 at M∞=0.85 and α= 2.12◦.

An inviscid, steady state simulation of the resultant geometry was performed at a

freestream Mach number of 0.85 and angle of attack 2.12◦, using the stencils selected in

the preprocessor. The geometry used by both PMB and PML has a wing twist, which

was chosen by comparing CFD data with experimental results from Ref. [140]. At these

flow conditions the un-twisted wing has a shock wave at the junction of the wing with

the tip store: to mitigate these effects, the effective angle of attack was reduced by

adding negative twist at the wing tip [142]. The pressure coeffcients at two spanwise

locations are presented in Fig. 5.32, compared with results from PMB and experiment.

The results at y/ytip = 0.59 agree well with the inviscid data, but the slight shocks that

are located further along the wing at y/ytip = 0.85 are not well predicted. This location

is near the tip store, so is at a location where three point distributions overlap; this

may be the reason for the loss of accuracy here, due to either the method of coupling

the resolving vectors or badly defined parameters in the merit function. Therefore, it

is necessary for the method to undergo more research and development; some more

reasons for the failure and possible remedies are described in Chapter 7.

The second case has two additional components, namely, the horizontal and vertical

stabilisers, as can be seen in the flow results in Fig. 5.33. The fuselage grid contains an

xz symmetry plane, Fig. 5.31(b); and as the geometry is made from intersecting the

components, the vertical stabiliser is not placed within the symmetry plane. Instead,

it is positioned so as to form a twin-tail configuration with the symmetry plane. As the

intention of this work is only to demonstrate the capabilities of the meshless method,

this difference in the model is not a major concern. This is an interesting case as

it shows how the meshless method can be used to perform CFD calculations over

aircraft configurations in a much easier way than creating a complete mesh around the

entire geometry. The ability to deal with several component domains in this way is

also advantageous if one wishes to move components in a moving-body simulation: a

prototype store release using this configuration will be performed in Chapter 6; the

timings for the preprocessor with the OSF will also be dealt with in that chapter.
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Chapter 6

Moving Body Problems

6.1 Stencil selection with moving bodies

The moving of the bodies in time-dependent, unsteady simulations is performed by

moving the points of each input grid separately over one another during the compu-

tation. When a body moves, the points that share the same grid move rigidly with

the body. The extension of the method presented for steady, multibody systems in

Chapter 5 to moving-body problems is relatively straightforward. The same method

of selecting the stencils is used, but with a small alteration, which exploits the flow

solution at the previous time step to help select the stencils for the current time step.

One must also consider how to deal with points entering and leaving the domain during

the simulation. These developments are considered in the current chapter.

6.1.1 Adaptive stencil selection

The stencil selection method presented in Chapter 5 only uses geometric information

regarding the point locations in the selection: there is no a-priori knowledge about

the flow solution used. As previously stated, the quality of the stencils is ultimately

judged by the accuracy with which the flow can be calculated, and this depends on the

solution that the stencil is trying to approximate. For example, stencils can have a more

isotropic nature for the solution of the Euler equations; while for the high gradient flows

that are associated with the Navier-Stokes equations, anisotropic stencils are required,

but in regions of constant flow, such anisotropic stencils are not ideal.

The flow type at a location can only be determined from the flow solution itself; thus,

a method that uses both geometric information and some flow solution information is

attractive for accurate stencil selection, and exploits the flexibility inherent in meshless

methods. In this work, the adaptive stencil selection is very simple and differs from

the method in Chapter 5 only in that the parameter ψmax is removed, and some flow

solution is used instead. For unsteady problems with moving geometries, this flow

solution is obtained from the previous real-time step to help construct the stencils at
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* 

(a) Anisotropic stencil in a re-
gion of constant flow, ob-
tained using only geometric
criteria

* 

* 

(b) The circled points can be
added to the stencil to im-
prove conditioning in con-
stant flow region * 

* 

&j> &max 

(c) For boundary layer flow the
point indicated cannot be
added to the stencil because
it violates the condition on ω

Figure 6.1: Reconstruction of the stencils in regions with different flow types using
the adaptive selection method and new parameter ωmax.

the current time-step. For this, a quantity denoted ωj is defined for every point j in

the stencil that has been constructed at the current time step, using the method of

Chapter 5 without the constraint of ψmax; the quantity is then determined from the

previous flow solution as

ωj = |∆p|22

where ∆p = pj − pi is the vector of the difference in primitive variables between the

star point i and the neighbouring point j.

Recall from Section 5.3.3 that ψmax was introduced to prevent points being chosen

that lie far from the star point in the quadrants that are in the resolving vector direction,

Fig. 5.12(c). Though ψmax preserved the quality of stencils in high gradient regions, in

areas of constant flow it is unnecessary and can reduce the conditioning of some of the

stencils, Fig. 6.1(a). The value of ψmax was determined using geometric information in

Chapter 5; now, using the flow data, we can instead define ωmax, which is the highest

value of ω obtained from the points selected in quadrantsA andB in Fig. 5.12(c). Points

with the lowest value of ψ from quadrants C and D are then chosen if the value of ω

for these points is less than or equal to ωmax. This means that for regions of constant

flow, where anisotropic stencils may not be ideal, there will always be points in all

quadrants, and a maximum of nine points in the stencil in two-dimensions, Fig. 6.1(b);

but boundary layer stencils are still anisotropic for accurate solution, Fig. 6.1(c). As

this method only really affects stencils in regions of the domain where the flow gradients

are low, the results are not greatly changed; instead, the major advantages are to the

stability of the least squares system, and hence the costs of each solver step.

6.1.2 Points changing type during simulation

The complete, unsteady solver algorithm used is as follows:

1. Construct the stencils for the first time, using only the method in Chapter 5.
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the flow calculations in the
next step

Figure 6.2: Points moving in and out of the computational domain.

2. Perform the steady state CFD calculation.

3. Unsteady solver

(a) Change the point locations by moving the points of the grid belonging to

the body to be moved.

(b) Recalculate the stencils as described in Chapter 5 using the underlying grid

connectivity and the obtained flow solution, as in Section 6.1.1.

(c) Update the flow variables for the points that enter the domain.

(d) Perform the unsteady, time accurate CFD calculation for this time step.

Step 3 is continued until the simulation finishes. When the unsteady solver loop begins,

the full stencil selection stage takes, on average, between 5%–15% of the time taken

to update the flow solution (which includes the solver and stencil selection) for each

real-time step ∆t. This percentage depends on the size of the domains, the order that

the points are input, and the number of boundary elements.

There are some additional aspects that need to be considered for moving-body

problems, which are contained in Step 3c. If a point that was in the computational

domain moves behind a boundary wall for the subsequent time step after the point

locations are changed, as shown in Fig. 6.2(a), then the point is now blanked and takes

no part in the computation for the new time step. If a point that was blanked on the

previous time step now enters the computational domain at step n, Fig. 6.2(b), it still

effectively remains blanked, though the flow data at the point is found by interpolation

of the flow variables of a neighbouring point; the overlapping input stencil that is used

to couple the resolving vectors is used for this. These values are stored so that when

the next time step proceeds, as in Fig. 6.2(c), we have the flow variables at step n− 1,

which is needed in Eq. (3.9) for the dual-time stepping method used in the unsteady

solver.
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(a) Point distribution at β = 5◦
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Figure 6.3: Point distributions at maximum control surface deflections.

6.1.3 Point velocities

The moving-body cases are performed in a quasi-unsteady manner in which the bound-

ary movement is fully unsteady, with the velocity of the walls accounted for in the

boundary condition from Eqs. (2.30) and (2.31), while the remaining interior points

associated with the moving-body are moved only so as to resolve the flow around the

body in its new position. Thus, during the simulation the interior points are just lo-

cations on which the least squares approximation takes place: these points have no

relative velocity to account for this movement in the simulation. The flow history from

the previous location of the point is used in Eq. (3.10) for the time-dependence. This

means that points may be moving into regions where the flow has different character-

istics to the flow at the previous location occupied by the point, and so some sort of

interpolation of the flow data may be required: similar to the interpolation required

when a point enters the domain from a solid body at the latest step. These issues are

not addressed in this work: the focus here is solely on the construction of appropriate

stencils; and the moving-body cases that are performed in the next section are mainly

to demonstrate the cost of the stencil selection procedure relative to the solver time.

6.2 Moving-body results

To demonstrate the scheme in two-dimensions, a control surface deflection case and

prototype store release test case are presented; these cases also test the method of as-

signing flow variables to points entering the domain, and the adaptive stencil selection

scheme, respectively. In three-dimensions, two store release cases at inviscid flow condi-

tions are included to demonstrate the scheme: one consists of a very simple simulation,

to give the preprocessor costs relative to the solver time; and the other case is a more

complicated case using the OSF of Section 5.6.3.
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Figure 6.4: Normal force and pitching moment coefficients for unsteady forced
control surface deflection case.

6.2.1 Control surface deflection

The first case is an unsteady calculation in two-dimensions of an idealised control surface

deflection. Two input domains are used: a main body, consisting of 15552 points, with

392 on the solid wall; and a control surface of 10339 points, with 216 on the solid wall.

The main body is a truncated NACA 0012 aerofoil, and the control surface overlaps

the main body so that when it exhibits no deflection, the configuration is effectively a

full NACA 0012 aerofoil.

The required control surface deflection β is performed by a forced rotation around

the rotation centre, located at x = 0.75; thus, the configuration is similar to that used

in Section 5.4.5. The rotational motion is prescribed by a sinusoidal function

β(t) = β0 + βa sin(2kt)

with a mean incidence of β0 = 0◦, pitch amplitude of βa = 5◦ and reduced frequency

of k = 0.01. The point distribution of the configuration at the maximum deflections

β = ±5◦ are shown in Fig. 6.3.

Three motion cycles, each consisting of 64 real-time steps, were simulated to solve

the Euler equations at M∞ = 0.3, α = 0◦. Normal force and pitching moment co-

efficients for this case are shown in Figs. 6.4(a) and 6.4(b) respectively; these plots

show the results both for when the interpolation of flow variables for points entering

the domain, as described in Section 6.1.2, is used, and when it is not. The plots show

that there is negligible difference in results for this method; however, the use of the

interpolated scheme is more cost effective, as, for this case, it takes approximately 78%

of the time compared to not interpolating the flow variables for the cycles to converge.

This method needs to be tested more, however, to robustly determine its performance.
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Coarse Medium Fine

time (s) % time (s) % time (s) %

Check boundary overlap 0.00001 <0.1 0.00001 <0.1 0.00001 <0.1
Point blanking 0.03 0.30 0.05 0.10 0.24 0.12
Stencil selection 0.81 8.22 4.32 8.36 13.34 6.57
Final boundary check 0.01 0.10 0.07 0.14 0.24 0.12

Total preprocessor 0.85 8.62 4.44 8.59 13.82 6.81
Solver time 9.01 91.38 47.23 91.41 189.14 93.19
Solver time (non-adaptive) 9.04 - 49.67 - 196.48 -

Table 6.1: Timings for each stage of the laminar two-dimensional store case pre-
processor in seconds and as a percentage of total time.

6.2.2 Two-dimensional prototype store release

The second case is a prototype store release in two-dimensions, using two NACA 0012

aerofoils, in which the second aerofoil, at half the size, acts as a store located beneath

the main aerofoil. The aerofoils are the same as those used for the steady state biplane

test case in Section 5.4.1. The store is set in a forced descent from the main aerofoil;

and the flow conditions are laminar at a freestream Mach number of 0.5, zero degrees

angle of attack and Reynolds number of 5000. The initial location of the store leading

edge is at (0.25,-0.15), and the descent velocity is ẏ = −0.1 in dimensionless units,

where the freestream travels one main aerofoil chord in one non-dimensional time unit.

There are 200 time steps performed with ∆t = 0.05, so the full time simulation takes

place over ten non-dimensionalised time units.

The point distributions and pressure coefficient contours at times 0, 5 and 10 are

presented in Fig. 6.5. The plots show how the point distributions change at each

real-time step as the points from the grids slide over one another. From the pressure

coefficient plot in Fig. 6.5(b), we can see the change in pressure between the aerofoils

as the gap between them converges and diverges. Figures 6.5(d) and 6.5(f) show the

reduced effect of the upper aerofoil on the pressure distribution of the lower aerofoil as

it descends further; and the flow can be seen to be reaching the expected symmetry in

the solution for the upper aerofoil as the lower aerofoil moves away.

Due to the relative simplicity of this test case, a study of the timings for overlapping

grids of increasing size was made. These meshes are the same as those used for the upper

aerofoil in Section 5.4.2, and are labelled coarse, medium and fine. The computational

domain consists of the overlapping aerofoil grids, and so has double the number of

points for each case. The average timings in seconds for each unsteady real-time step

are given in Table 6.1. The preprocessor takes a smaller percentage of the time for a

time step update as the number of points in the domain increases. For the coarse case

it takes 8.62%, the medium case is 8.59% and the fine case is 6.81%.
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(e) Meshless point distribution at 10.0 (f) Pressure coefficient at 10.0

Figure 6.5: Point distributions and pressure coefficient plots at various unsteady
time steps for the two-dimensional store release case, at laminar flow conditions
M∞=0.5, α=0◦ and Re=5000.
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(a) Stencils without adaptive scheme
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(b) Stencils with adaptive scheme

Figure 6.6: View of stencils along the outer region of the input domain of the
smaller aerofoil, before and after the adaptive scheme has been applied, for the
laminar store release case.

Table 6.1 also includes the solver times for when the adaptive stencil selection

scheme is not used. The block structured topology of the input domains means that

the majority of the stencils are anisotropic; and as most of these stencils lie relatively

far away from the bodies, the results are not changed. The table shows, however, that

the adaptive scheme is more cost effective for the solver, particularly for the medium

and fine point distributions. This is because, on average, about 80% of the points in

these domains are affected, leading to roughly 5% of the solver time being saved; this

suggests that, despite the additional points in each stencil, the improved conditioning

of the least squares systems offsets this cost. The improvement in the stencil quality is

most prevalent for the points along the outer region of the input domain of the smaller

aerofoil (where the far field boundary would be located), where the flow is almost

constant, but the point distributions do not reflect this, and stencils are more likely

to be poorly conditioned or even singular. This can be seen in Fig. 6.6, which shows

various stencils in this region, before and after the adaptive scheme has been applied,

during the simulation for the medium test case.

6.2.3 Goland wing and store body prototype store release

An unsteady case is performed with two bodies at Mach 0.5 and zero degrees angle

of attack to demonstrate the scheme in three-dimensions; these consist of the Goland

wing from Section 4.2.1 and a store body (with no fins), consisting of 62623 points

with 2122 on the solid wall, which is located just beneath the wing. The initial loca-

tion of the store is at 15% of the mean chord length below the wing; and from this

position it is released, in a forced motion, at ż = −0.1 in dimensionless units, where

the freestream travels one mean chord length in one non-dimensional time unit. There
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time (s) %

Check boundary overlap 0.00001 <0.1
Point blanking 0.96 2.31
Point searching 1.21 2.91
Point sorting 1.91 4.60
Final boundary check 1.23 2.96

Total preprocessor 5.31 12.78
Solver time 36.23 87.22

Table 6.2: Average timings for each stage of the preprocessor in seconds and as a
percentage of total time for the Goland wing and store body case.

(a) Pressure coefficient at time step 0.0 (b) Pressure coefficient at time step 5.0

Figure 6.7: Pressure coefficient contours at two time steps for the Goland wing
and store body case at inviscid flow conditions M∞=0.5, α=0◦.

are 200 time steps performed with ∆t = 0.05, so the full simulation takes place over

ten non-dimensionalised time units; and the pressure coefficient plots at times 0.0 and

5.0 are given in Fig. 6.7.

This case is performed because it is small enough for the flow solver to be able to

operate in serial; hence, a reasonable estimate of the cost of the preprocessor relative to

the cost of each unsteady step of the flow solver in three-dimensions can be determined.

This is given in Table 6.2, which shows the average costs over the entire simulation,

and also gives a breakdown of the costs within the preprocessor itself. The method

of interpolating flow variables for points that were previously blanked, but eventually

enter the domain during the simulation, is used, as is the adaptive stencil selection

scheme. For this test case, the preprocessor takes about 13% of the cost of the total

time step.
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No. surface points No. total points Quantity

Pylon 2690 67250 1
Store body 4762 62632 1
Store fin 2402 21618 4

Table 6.3: Size and quantity of additional components to those in Table 5.3 for the
OSF store release case.

Figure 6.8: Transonic store release from OSF using prescribed motion.

6.2.4 Open Source Fighter store release

The final test case is a store release using the OSF configuration of Section 5.6.3.

This initial configuration consisted of a fuselage, wing, tip store, vertical stabiliser and

horizontal stabiliser; the size of each of the components was given in Table 5.3. The

additional components to those in Section 5.6.3 are a pylon, store body and four store

fins; the size of each is given in Table 6.3. The total number of points for this case is

over four million, so is too large for the flow solver to operate in serial, and so it must

be partitioned at each step as the bodies move. As multiple domain decompositions are

required, and the preprocessor does not yet currently work in parallel, the simulation

in this section consists only of steady state computations for each position of the store;

thus, unlike the other cases in this chapter, this case is not time-dependent and so there

is no adaptive stencil selection or flow interpolation involved.
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Case 1 Case 2 Case 3

time (s) % time (s) % time (s) %

Boundary reallocation 2.48 0.20 5.74 0.30 14.15 0.55
Point blanking 16.19 1.32 25.24 1.30 37.47 1.45
Point searches 273.07 22.28 356.06 18.37 476.45 18.45
Point sorting 433.71 35.38 571.33 29.47 712.22 27.58
Boundary stencils 372.19 30.36 777.92 40.13 1100.13 42.60
Final boundary check 128.26 10.46 202.20 10.43 242.25 9.38

Total preprocessor time 1225.90 - 1938.49 - 2582.67 -

Table 6.4: Timings for each stage of the preprocessor in seconds and as a percentage
of total preprocessor time for Case 1 and 2 of Section 5.6.3, and the OSF store
release case, labelled Case 3. Note all computations are performed in serial.

(a) Close up of missile attached to pylon (b) Close up of missile detached from pylon

Figure 6.9: Close up of missile, pylon and wing configuration for the OSF store
release test case.

The pylon geometry intersects the wing and stays fixed for each of the computations.

The store is a generic missile, which is constructed using a store body and four fins that

intersect the store at the rear of the body. For the first step, the store is attached to the

pylon, as can be seen in Fig. 6.9(a); this figure shows, in red, all of the elements that

were created by the preprocessor to accommodate the intersections between the pylon

and wing, the store body and pylon, and the fins and store body. For the subsequent

steps the store is detached from the pylon, as can be seen in Fig. 6.9(b). Over the six

calculations that this case consists of, the store moves 90% of the mean chord length

in the positive x direction and 60% in the negative z direction; it also pitches up 8◦

around the centre of gravity, which is taken to be 70% along the length of the missile.

The pressure contours for six of these calculations at freestream Mach number of 0.85

and angle of attack 2.12◦ at inviscid flow conditions are given in Fig. 6.8.
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The average cost for each operation of the preprocessor for this test case (labelled

Case 3) and Cases 1 and 2 of Section 5.6.3 is outlined in Table 6.4 in seconds and the

cost as a percentage of the total preprocessor time. The costs are not given relative to

the solver time because the solutions are steady state and have been run in parallel; and,

as stated, the preprocessor does not currently operate in parallel, hence the high costs

given in the table. In agreement with the DLR-F6 test case of Section 5.6.2, the stencil

selection takes the most time, though because of the many boundary intersections that

occur, the operation constructing stencils for the points that make up the new elements

is much more significant. Possible methods of reducing computational times for these

schemes, with even greater improvement for moving-body simulations, are given in

Chapter 7.
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Chapter 7

Conclusions and Future Work

The main aim of this thesis was to investigate the feasibiliy of solving the equations

of fluid dynamics over multibody systems using the meshless method. The meshless

method differs from conventional finite volume methods in CFD in that it uses a domain

consisting only of points on which to solve the equations. Local stencils are required

for each point, which are a set of neighbouring points that are used by the meshless

flow solver to compute the flux derivatives of the Navier-Stokes equations; this is done

using a weighted, polynomial least squares approximation of the flow variables at each

point in the stencil. The integration with respect to time of the flow variables is then

performed implicitly, using a linearisation of the system and an approximate Jacobian

matrix, formed using only the sparsity pattern of the first order matrix. This system

is solved inexactly at each iteration using a preconditioned Krylov subspace iterative

method.

The computational domain for the presented scheme consists of a point distribution

that is formed from the union of separate point distributions that are generated around

each body, or component of the body, in the multibody system. In this work, these

point distributions are generated from CFD meshes, as the tools for this are readily

available; currently, these are user generated meshes using the program ICEM, but

plans are that the automatic mesh generator SOLAR, which is used by BAE Systems,

will be used instead in the near future. A preprocessor method then redefines bound-

aries, blanks points that fall within solid bodies and constructs the stencils. Thus, the

difficulty of generating meshes in conventional finite volume techniques is replaced by

the need to select appropriate stencils for the meshless flow solver; and so the selection

stage is very important if the method is to be competitive with other methods, both in

terms of accuracy and cost. Because of the anisotropy of the point distributions needed

to solve the various forms of the Navier-Stokes equations, classical nearest neighbour

algorithms are not used in the stencil selection; instead, the original point connectivities

of the input domains are used as a guide to select points that retain the anisotropic

nature of the input domains. Resolving vectors are defined for each point to quantify
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the individual mesh refinement; these are then summed from the various input point

distributions that overlap, to obtain a resolving vector for the composite points. The re-

sultant vector defines a new coordinate system; and the neighbouring candidate points,

which are found using a combination of various tree searches, are ranked according to

the anisotropy and distance of each point from the star, using a merit function that

is based on an ellipse in two-dimensions, and an ellipsoid in three-dimensions. The

connectivities of the initial grid stencil are therefore used:

• to help define the search regions for efficiency and robustness;

• in the resolving vector definition;

• and to define the parameters for the merit function.

Using this method gives levels of refinement that improve the quality of the stencils in

regions where the point distributions are anisotropic, and allows high gradient functions

to be well resolved.

For multibody systems in which the bodies move relative to one another in time-

dependent computations, the point distributions move with the body that they are

associated with, and so the stencil selection is performed after each real-time step when

the bodies move. As a result, the selection must be done automatically and efficiently

to keep user input and computational overheads as low as possible. The flexibility of the

meshless method is particularly advantageous for use with moving-body simulations,

as there is no communication between input domains, the motion of the bodies does

not need to be known a-priori and large scale motions are possible.

This work was to test the feasibility of using the meshless method for CFD problems;

consequently, the results presented are not necessarily real-life aerospace applications,

but are instead designed to test the scheme with point distributions that would prac-

tically be used to solve the Navier-Stokes equations. The results in two-dimensions

include steady state inviscid, laminar and turbulent flows, which are compared with

experimental data and other numerical results from the literature. The results of turbu-

lent flow in two-dimensions show the accuracy of the scheme, despite the lack of formal

conservation, even for unsteady problems involving moving shocks. Moving-body re-

sults are also presented to demonstrate the scheme for such cases; and the costs are

presented, in which the times for stencil selection, in both wall-clock time and as a per-

centage of the flow solver time, can be determined. For this work the three-dimensional

cases are restricted to inviscid flows; and though some of the results presented agree

well with data from the literature, some of the results, particularly when the bodies

intersect, lead to the conclusion that more work is needed for these cases to be fully

accurate. The stencils are more sensitive in three-dimensions, and it is more difficult for

a developer to determine where the problems lie; consequently, full development of the

scheme takes longer than the development of the two-dimensional scheme. Problems
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Figure 7.1: Limitations in summing resolving vectors from two overlapping stencils.

could be with the coupling of the resolving vectors, or the choice from the candidate

points for the regions where the flow solution is erroneous. Future work could address

these issues directly, or could improve on the concepts introducted in this thesis, to

develop a more accurate and robust method.

It may be noticed that in the scheme presented in Chapter 5, the method is heuristic

in the way that the individual resolving vectors of input domains are coupled to give

the final resolving vector. For example, the choice of p in Eq. (5.4) can alter the

direction of the resolving vector, as can be seen for the two examples in Figs. 7.1(a)

and 7.1(b) (recall that the larger the value of p, the stronger the influence of the finer

stencils). Also, a sum of the input vectors is not always desirable, as is the case in

Fig. 7.1(c), which is a schematic of a boundary layer region. The points associated

with the boundary are marked with crosses, with a layer of stencils of finer resolution,

marked by grey dots, overlapping at a right angle; the sum of local resolving vectors

would give a poor resultant resolving vector as shown. The method presented in this

work is global, but, as different stencils should be used for different flow types, it may be

that the method must be localised in some way: both for the solver (choice of weights,

order of polynomial reconstruction etc.) and preprocessor (resolving vector influence,

parameters of merit function, orientation and number of points chosen etc.); and new

testing algorithms could be introduced into the code to improve the stencils and flow

solver performance.

The flexibility of meshless methods invites the idea, for example, of using some

flow information to do this. This concept was introduced in Chapter 6 for unsteady

flows, in which the flow solution at the previous real-time step was used in the selection

at the current real-time step. However, the method in Chapter 6 only altered the

parameter ψmax, future work could also alter the resolving vectors themselves, or even

use a completely different stencil selection method: most likely based on minimising

the difference in flow gradients across the points in the stencil. This may be needed for

time-dependent calculations, even if not moving-body, due to the velocity changes that

can occur. For steady state, multibody systems some partial, initial flow data could be

used instead to help recalculate the stencils, and these new stencils are then used for
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Figure 7.2: Issues regarding point locations.

the calculation to full convergence. Such a partial solution could be achieved using a

first order solution using the explicit steps needed to smooth out the initial flow field,

as outlined in Chapter 3, to at least guarentee a solution before the flow solution has

smoothed out and the Jacobian construction and implicit solver starts. Research into

such techniques would remove the need for parameters to be chosen by the user, thus

eliminating the problems in Fig. 7.1 and increasing the accuracy.

As outlined in Chapter 5, the scheme in this work was intended to work only on

the point locations resulting from the overlap of the various input domains, regardless

of whether these are the best point locations. Any future adaptive stencil selection

method could also be extended so that the points themselves could be moved, added

or removed from the domain. Adaptive schemes to increase accuracy and capture flow

phenomena that we may not know would have occured before setting the points are,

in some form, already available in the literature, as was discussed in Section 1.3; but

future work could also look at altering point locations for when the selection of a well-

conditioned stencil is difficult. An example is presented in Fig. 7.2(a), showing two

overlapping point distributions near a boundary wall denoted by dots and crosses: the

boundary belongs to the input domain containing the crosses. Cases like this occur

frequently when point distributions of various resolution overlap, particularly if they

belong to point distributions whose boundaries intersect. The highlighted point will

have a poor stencil due to this point configuration, as there are not points in all of the

sectors surrounding it. When the solver fails for multibody systems it is frequently at

such point locations; and for a scheme when the meshless method is to be used globally

it may be best to remove these points for it to be robust.

To reduce the costs of the preprocessor a parallelisation of the stencil selection is

currently under development, but there are also changes that could be made to the code

in its present form. The presented scheme is robust in the candidate point selection from

the size of the search regions, but it currently means that there are too many candidate
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points being found, checked and sorted unnecessarily. This is, by far, the costliest part

of the preprocessor, especially for three-dimensional cases when thousands of candidate

points can be identified when fine and coarse regions of the point distributions overlap,

as was seen in Section 6.2.4. A more efficient procedure, for example, could involve

multiple smaller searches, so points will not be checked unnecessarily. The current

scheme also means that multiple searches of very similar search regions are taking

place for two points that are located very close together. When point distributions

are anisotropic this is wasted time, and improvements could be made so that only

one search is performed, and the same candidate points are used. For moving-body

simulations, the stencil selection is performed globally, but this is not needed if the

point domains for a particular stencil are stationary and the flow is relatively constant.

Savings in computational time could be made by communicating between the solver

and preprocessor if a point stencil needs to be reconstructed. Implementing tests such

as these could greatly reduce the cost of the preprocessor, and would be beneficial for

the method when it is to be used in moving-body simulations.

Regarding the solver method for moving-body problems, future work must address

the issue of how to deal with the change in location of the points accurately. The

procedure for points entering the computational domain was outlined in Section 6.1:

this needs to be fully tested. In addition, one must also consider if the flow variables

must be changed for points that enter a region of the flow that has very different flow

properties; an example is given in Fig. 7.2(b) for a point entering a boundary layer. It

may or may not be the case that interpolations are required. Furthermore, a 6-DOF

module must be implemented to complete the code for use with moving-body problems.
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[136] Möller, T., “A Fast Triangle-Triangle Intersection Test,” Journal of Graphics
Tools, Vol. 2, 1997, pp. 25–30.

[137] Lain, K. R., Klausmeyer, S. M., Zickuhr, T., Vassberg, J. C., Wahls, R. A.,
Morrison, J. H., Brodersen, O., E.Rakowitz, M., Tinoco, E. N., and Godard,
J. L., “Data Summary from Second AIAA Computational Fluid Dynamics Drag
Prediction Workshop,” Journal of Aircraft , Vol. 42, 2005, pp. 1165–1178.

[138] Vassberg, J. C., Tinoco, E. N., Mani, M., Brodersen, O., Eisfeld, B., Wahls,
R. A., Morrison, J. H., Zickuhr, T., Lain, K. R., and Mavripilis, D. J.

[139] Martin, M., Andrés, E., Widhalm, M., Bitrián, P., and Lozano, C., “CAD-
based Aerodynamic Shape Design Optimization with the DLR Tau Code,” Paper
ICAS 2010-2.6.1 27th Congress of International Council of the Aeronautical Sci-
ences,Nice, France, 2010 .

[140] Denegri, C. and Dubben, J., “F-16 Limit Cycle Oscillation Analysis Us-
ing Transonic Small-disturbance Theory,” AIAA Paper 2005–2296, 46th
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials
Conference, AIAA, Austin, Texas, 2005.

[141] “Open Source Fighter,” geometry available at http://cfd4aircraft.com.

[142] Marques, S., Kodaparast, H., Badcock, K., and Mottershead, J., “CFD Based
Aeroelastic Stability Predictions Under the Influence of Structural Variability,”
50th Structural Dynamics and Materials Conference, Palm Springs, California,
2009.

140



Appendix A

Navier-Stokes equations in vector

form

In a three-dimensional Cartesian coordinate system, the non-dimensional form of the

equations, without body forces or external heat addition, may be written as

∂w

∂t
+
∂(fi − fν)

∂x
+
∂(gi − gν)

∂y
+
∂(hi − hν)

∂z
= 0

The vector w is the vector of conserved flow variables and is written as

w = (ρ, ρu, ρv, ρw, ρE)T

The flux vectors consist of inviscid (i) and viscous (ν) diffusive parts. The inviscid flux

vectors, fi, gi and hi, are given by

fi =
(
ρu, ρu2 + p, ρuv, ρuw, ρuH

)T
gi =

(
ρv, ρuv, ρv2 + p, ρuw, ρvH

)T
hi =

(
ρw, ρuw, ρvw, ρw2 + p, ρwH

)T
while the viscous flux vectors, fν , gν and hν , contain terms for viscous and heat-

conduction terms, and can be represented by

fν =
1

Re
(0, τxx, τxy, τxz, uτxx + vτxy + wτxz + qx)

T

gν =
1

Re
(0, τxy, τyy, τyz, uτxy + vτyy + wτyz + qy)

T

hν =
1

Re
(0, τxz, τyz, τzz, uτxz + vτyz + wτzz + qz)

T

141



where the components of the heat flux vector are written as

qx = − µ

(γ − 1)M2
∞RePr

∂T

∂x

qy = − µ

(γ − 1)M2
∞RePr

∂T

∂y

qz = − µ

(γ − 1)M2
∞RePr

∂T

∂z

and the components of the viscous stress tensor are written as

τxx =
2µ

3Re

(
2
∂u

∂x
− ∂v

∂y
− ∂w

∂z

)
τxy =

µ

Re

(
∂u

∂y
+
∂v

∂x

)
= τyx

τyy =
2µ

3Re

(
2
∂v

∂y
− ∂u

∂x
− ∂w

∂z

)
τxz =

µ

Re

(
∂u

∂z
+
∂w

∂x

)
= τzx

τzz =
2µ

3Re

(
2
∂w

∂z
− ∂u

∂x
− ∂v

∂y

)
τyz =

µ

Re

(
∂v

∂z
+
∂w

∂y

)
= τzy

where M∞ is the freestream (∞ means freestream) Mach number, Re the Reynolds

number and Pr the Prandtl number:

M∞ =
u∞√
γRT∞

Re =
ρ∞u∞L

µ∞
Pr =

µCp

k

The various flow quantities are related to each other by the perfect gas relations

H = E +
p

ρ

E = e+
1

2
(u2 + v2)

p = (γ − 1)ρe

p

ρ
=

T

γM∞
2

All quantities have been non-dimensionalised as follows

x∗ =
x

L
y∗ =

y

L
z∗ =

z

L
t∗ =

t

L/u∞

u∗ =
u

u∞
v∗ =

v

u∞
w∗ =

w

u∞
µ∗ =

µ

µ∞

ρ∗ =
ρ

ρ∞
p∗ =

p

ρ∞u2∞
T∗ =

T

T∞
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Appendix B

Derivation and properties of least

squares matrix

The least squares method has its origin in data fitting: so for a set of n points, xi,

i = 1, . . . , n, with data values ϕi at each, we wish to derive a function f that best

approximates the data values at these points. For a linear, polynomial fit in one

dimension

f(x) = a+ bx

where a and b are the coefficients to be determined. The function is computed from

the minimum of the following functional

R2 =

n∑
i

(ϕi − f(xi))
2 =

n∑
i

(ϕi − (a+ bxi))
2

with respect to the coefficients a and b. The minima are obtained from

∂R2

∂a
= −2

n∑
i

(ϕi − (a+ bxi)) = 0

∂R2

∂b
= −2

n∑
i

(ϕi − (a+ bxi))xi = 0

We can rearrange this system to obtain

na+ b
n∑
i

xi =
n∑
i

ϕi

a
∑
i

xi + b

n∑
i

x2i =

n∑
i

xiϕi
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or in matrix form (
n

∑n
i xi∑n

i xi
∑n

i x
2
i

)(
a

b

)
=

( ∑n
i ϕi∑n

i xiϕi

)
(B.1)

More generally, and using the notation of Chapter 2, we wish to obtain a function ϕ̂ to

approximate the data values at each point, of the form

ϕ̂(x) =

m∑
k=1

p(x)kαk = pTα (B.2)

where α is the local vector of coefficients that must be determined, and p is the vector

of base monomials; both of these vectors are of dimension m, which is the order of the

desired polynomial. The function that best approximates the exact values at each of

the data sites will be that for which the residual

r = ϕ− ϕ̂

is a minimum, where r is a vector of dimension n. Using Eq. (2.8), the residual vector

is written as

r = ϕ−Xα

where X is formed from the vectors of base monomials

X =


p1(x1) . . . p1(xm)

...
. . .

...

pn(x1) . . . pn(xm)

 ∈ Rn×m

So for a quadratic basis in two-dimensions m = 6 and

α = (α1, α2, α3, α4, α5, α6)
T

p =
(
1, x, y, xy, x2, y2

)T
X =


1 x1 y1 x1y1 x21 y21
...

...
...

...
...

...

1 xn yn xnyn x2n y2n


We use the L2 norm in which to measure r as, unlike the L1 norm, it is smoothly

differentiable with respect to r.

minα||ϕ−Xα||2 = minα(ϕ−Xα)T (ϕ−Xα)

= minα(ϕ
Tϕ− ϕT (Xα)− (Xα)Tϕ+ (Xα)T (Xα))

= minα(ϕ
Tϕ− ϕTXα−αTXTϕ+αTXTXα)
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Now, using vector derivatives, the minimum is computed by finding the derivative with

respect to α of this expression, and setting it to zero.

∂

∂α

(
ϕTϕ− ϕTXα−αTXTϕ+αTXTXα

)
= 0

−(ϕTX)T −XTϕ+ ((XTX)T +XTX)α = 0

−2XTϕ+ 2XTXα = 0

This leads to the normal equations, the same as in Eq. (B.1); and their solution leads

to the coefficients to be found in Eq. (B.2).

XTXα = XTϕ, (B.3)

The matrix XTX is called the least squares matrix. The normal equations are equiva-

lent to saying that the residual is orthogonal to the column space of the least squares

matrix. As a result, the normal equations always have a solution even when X is not

of full column rank, moreover any solution of the normal equations solves the least

squares problem.

It is clear that the least squares matrix is symmetric from its form XTX. For the

example of a quadratic basis in two-dimensions, it can be written explicitly as

XTX =



∑n
i 1

∑n
i xi

∑n
i yi

∑n
i xiyi

∑n
i x

2
i

∑n
i y

2
i∑n

i xi
∑n

i x
2
i

∑n
i xiyi

∑n
i x

2
i yi

∑n
i x

3
i

∑n
i xiy

2
i∑n

i yi
∑n

i xiyi
∑n

i y
2
i

∑n
i xiy

2
i

∑n
i x

2
i yi

∑n
i y

3
i∑n

i xiyi
∑n

i x
2
i yi

∑n
i xiy

2
i

∑n
i x

2
i y

2
i

∑n
i x

3
i yi

∑n
i xiy

3
i∑n

i x
2
i

∑n
i x

3
i

∑n
i x

2
i yi

∑n
i x

3
i yi

∑n
i x

4
i

∑n
i x

2
i y

2
i∑n

i y
2
i

∑n
i xiy

2
i

∑n
i y

3
i

∑n
i xiy

3
i

∑n
i x

2
i y

2
i

∑n
i y

4
i


The large powers of x and y can cause some ill-conditioning in the matrices; thus, the

conditioning increases (gets worse) as m is increased.

The least squares matrix also has the property of being positive-definite; this means

that for all non-zero column vectors z of n real numbers, the following property for a

symmetric matrix A holds

zTAz > 0

This is relatively simple to prove, and is as follows

zTAz = zT (XTX)z

= (Xz)TXz

= |Xz|22 > 0

as this is the L2 norm, which is always positive.
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Appendix C

Three-dimensional computational

geometry algorithms

C.1 Ray-triangle intersection

1. Determine where (if at all) the infinitely long ray between the points a and b

intersects the plane that contains the triangle Fig. C.1(a). The point of intersec-

tion can be found using the parametric form of the equation describing the ray

between a and b, which is

l = a+ t(b− a) (C.1)

where the value of t determines the intersection point. Clearly, if the value d,

given by

d = (b− a).n

where n is the normal of the plane, is equal to zero then the ray is parallel to the

plane and never intersects. If d is non-zero, then the infinitely long line l intersects

the plane at some point, though it is not necessarily within the segment formed

between a and b. It remains to find the value of t, which is done by first evaluating

the scalar product

e = n.(c− a)

where c is some point on the plane (any of the coordinates of the triangle is

sufficient), then t can be found from

t =
e

d

If 0 ≤ t ≤ 1 then the intersection occurs along the line segment between a and b;

if t < 0 or t > 1 then the intersection is somewhere else along the line. The value

of t can be inserted into Eq. (C.1) to determine the intersection point x.
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Figure C.1: Ray-triangle intersection test.

2. Change the 3D coordinate system to a 2D basis, so that the triangle coordinates

and intersection point are given in xy coordinates. Using the plane as the new

basis means that degeneracy is avoided. We then determine if the intersection

point lies within the triangle in this new basis. This can be determined by eval-

uating the signed area A of the three sub-triangles, formed by the edges of the

initial triangle, denoted ab, and the intersection point c, such that

A =
1

2

∣∣∣∣∣∣∣
a0 a1 1

b0 b1 1

c0 c1 1

∣∣∣∣∣∣∣
The unsigned area is positive if the coordinates a, b, c are arranged in an anti-

clockwise direction, Fig. C.1(b); and is negative if they are arranged in a clockwise

direction, Fig. C.1(c). Consequently, if the intersection point is inside the triangle

then the signed area of each of the sub-triangles will all have the same sign,

Fig. C.1(d); if the intersection point is outside the triangle, then the signed area

of the sub-triangles will not have the same sign, Fig. C.1(e).

If 0 ≤ t ≤ 1 from Step 1 and the point lies within the triangle from Step 2, then the

ray segment intersects the triangle. This test was stated in two steps for brevity; for

more information see Ref. [133].
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Figure C.2: Testing if the triangles lie in the same plane.

C.2 Triangle-triangle intersection

Define each of the triangles to be tested against as T1 and T2, and the planes that

contain them as π1 and π2 respectively.

1. First we test if the plane containing T1 intersects T2; this can be done using the

implicit form of the plane equation containing T1

π1 : n1.x+ c = 0 (C.2)

where n1 is the normal of the plane, x is a point coordinate, and c is a constant

such that the equation is satisfied if the point x lies in the plane. The normal

can be determined from the cross product of two vectors within the plane; these

can be obtained from

n1 = (v(1)1 − v(1)0)× (v(1)2 − v(1)0)

where v(1)0, v(1)1 and v(1)2 are the coordinates of the vertices of T1. The constant

c can be computed from

c = −n1.v(1)0

this means that if x lies within the plane, then Eq. (C.2) is satisfied because

n1.(x− v(1)0) = 0
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Figure C.3: Tests to see if the triangles intersect using the intervals of the triangles
on the line of intersection between the planes containing them.

as the vector (x − v(1)0) lies orthogonal to the plane normal. If we insert the

vertices of T2 into the plane equation for π1 then we obtain the signed distances

from the vertices of T2 to π1

dvi = n1.v(2)i + c i = 0, 1, 2 (C.3)

If all of the signed distances have the same sign (that is dvi > 0 for i = 0, 1, 2 or

dvi < 0 for i = 0, 1, 2) then T2 lies completely on one side of π1 and the overlap

is rejected, Fig. C.2(a). If this is not the case, then the plane π1 intersects T2,

Fig. C.2(b), and we must then check for an intersection of π2, and the triangle T1.

If both of these intersections occur, then it is possible that the triangles intersect;

and it also means that there must be a line in 3D that determines the intersection

between the planes, and also passes through each of the triangles. This line is

necessary for Step 2.

2. Step 1 ensures that there is a line l, formed at the intersection of both planes

π1 and π2, and that this line intersects both triangles. The intersection of the

triangles form intervals on l, and if these intervals overlap then the triangles

intersect, Fig. C.3. The line l can be written in the form

l = p+ td

where p is a point which the line passes through, d is a vector that points in the

direction of the line, and t is a scalar which defines a point along the line. The
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line must be perpendicular to both planes, and so d can be found simply from

d = n1 × n2

The intervals can be found by determining the intersection points between l, T1

and T2: in computational geometry it is much more robust to do this in a 1D

projection of l and the vertices v of the triangles. For this it is first necessary

to choose in which direction to make the projection. Since the intervals can be

translated without altering the results of the overlap test (which will be done in

Step 3), it is simplest to project l onto the coordinate axis to which it is most

closely aligned to avoid degeneracy, so

Pvi =


vix, if |dx| = max(|dx|, |dy|, |dz|)

viy, if |dy| = max(|dx|, |dy|, |dz|)

viz, if |dz| = max(|dx|, |dy|, |dz|)

, i = 0, 1, 2 (C.4)

where vix means the x component of vi and so on. Such a projection means that

it is unnecessary to compute p.

3. We now need to compute interval values t along this coordinate axis that represent

the intersection of the line, and the segments formed by the two pairs of vertices of

T1 that have opposite signed distances as calculated in Step 1. So if the segment

is between the vertices v0 and v1, then t is calculated from

t = Pv0 + (Pv1 − Pv0)
dv0

dv0 − dv1

t is then calculated for the other segment. The smaller of these values is denoted

t1, while the larger is denoted t2; the same is done for T2, this time the smallest

valus of t is denoted t3, and the larger is t4. If the interval values overlap, that is

t3 > t1 and t2 > t3, or t1 > t3 and t4 > t1, then the triangles intersect.

For more details on this method, and for information regarding cases when the triangles

are nearly coplanar, or when an edge is near coplanar to the other triangle, see Ref. [136].
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Figure C.4: Flag points belonging to two intersecting triangles.

C.3 PML boundary reallocation

This section describes, in six steps for brevity, the algorithm employed by PML to

reallocate the boundary elements, when the solid wall geometry of two input domains

to the preprocessor intersects in some way. The elements (which have been split up

into triangles to ensure robust computational geometry) that intersect were identified

using the triangle-triangle intersection algorithm described in Appendix C.2; and the

following algorithm creates triangles as new elements between the bodies to form the

new boundary surface.

1. The first step is to determine which surface points need to be blanked as a result

of the intersection: this can be done with the use of normal tests. We have the

correct normals of each element due to the reference points that are part of the

required input. When two triangles intersect, we can use the normal test

n1.(x2,i − x1,centre) ≥ 0 i = 0, 1, 2 (C.5)

where n1 is the normal of one triangle and x1,centre is its centre, and x2,i is

each of the vertices of the triangle that intersects it, as is shown in Fig. C.4(a).

If Eq. (C.5) is satisfied, then the point is flagged as IN, so remains within the

domain; if not, then the point is flagged as OUT if it has not already been flagged

as within the domain, Fig. C.4(b). As the elements are triangles and intersect,

then it is safe to use this test without worrying about the possible concave nature

of boundary walls. After this test has been performed for all of the vertices that

make up the intersecting triangles, the points that remain flagged as OUT are

blanked and removed from the computational domain. A flood is then performed

to identify and remove the boundary points that are connected to the blanked

points found. These points belong to elements for which there is no intersection,

but must lie inside a solid body.
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Figure C.5: Define the edges to be used in triangulation.

2. Next it is necessary to define the edges, from the elements of each body, that will

make up the triangulation. These edges are formed within the original intersecting

elements, so are not formed between the two separate bodies. The triangles that

are to make up the triangulation will consist of two points from one of these

edges, and a third point from the intersecting element from the other body (done

in subsequent steps). To do this it is necessary to find the edges of the elements

that are not cut by another element intersecting it; obviously, if an edge consists

of a blanked point then it does not fit this criteria. The desired edges can be

seen in Fig. C.5(a) for a simple case. For geometries with sharp edges or corners,

however, an intersection may occur with an element, and no points of the elements

are blanked, such is the case for the highlighted elements making up Body 1 in

Fig. C.5(b). Because of this, it is necessary to explicitly check all of the complete

edges belonging to the intersecting elements to determine if these edges intersect

other elements at all. The ray-triangle algorithm of Appendix C.1 is used to do

this, where the ray consists of the edge to be checked. If an edge intersects an

element, then it is deemed incomplete and discarded.

3. Next we create a list of points, per edge that was found in Step 2, that can form

the third point of a triangle. The list consists of non-blanked points that form

the elements that intersect the element of which the edge is a part, as seen in

Fig. C.6(a). Some of these points may not be acceptable for a particular edge

to form a triangle with; this may be the case at corners or sharp edges of the

geometry, or where a body made up of coarse elements intersects a much smaller

component. For example, Fig. C.6(b) shows a sharp body completely intersecting

an element from another body; it should be noted that there is another (unseen)

surface, belonging to Body 2, located below the surface containing the edge: this

forms the underside of the sharp geometry of Body 2. It is clear that not all

of the points from the element can form a triangle with the highlighted edge
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Figure C.6: Candidate points per edge to be used in triangulation.

to form a continuation of the geometry. In this case, the points indicated by

grey circles are physically possible, whilst those indicated by crosses must be

removed from the candidate list for the edge. Unfortunately normal tests are not

sufficient for eliminating points that do not conform to the resulting (or current)

boundary contours. Normal tests were sufficient in Step 1 in identifying blanked

points because if ever a point is identified as lying within the domain it is flagged

as within, regardless of the number of times it fails the normal test; but it is

entirely possible in three dimensions for reallocated boundaries to point in a

direction more than 90◦ from the normal of the element containing the edge. It is

preferable, instead, to use ray intersection algorithms for each of the points in the

list. A ray is formed between one of the points forming the edge and the point in

the list; if this ray intersects any of the neighbouring elements then the point is

removed from the list; if not, then a ray is formed between the point in the list

and the other point that forms the edge, and the test is performed again. For

efficiency, the neighbouring elements can be found using the 6D search trees that

were created to identify the boundary overlap; and the seach region is defined by

a bounding box formed around the ray. The remaining points from the list, for

which there is no ray intersection, form the next list of candidate points for the

subsequent steps.

4. Although the points in the list obtained in Step 3 respect the geometry of the

problem, some of the points in the edge list cannot be used as they will result in

an overlap of elements on the wall. These overlaps will cause holes to appear in

the geometry, which will mean that the rest of the preprocessor will fail because

the geometry is not closed. Such a case can be seen in Fig. C.7(a), which shows

the intersection of two walls; for clarity a 2D projection, looking down on the xy

plane, is shown in Figs. C.7(b) and C.7(c). For the highlighted edge, a triangle

formed with Point 1 will overlap the element that is not altered by an intersection,

Fig. C.7(c); the triangle formed by Point 2 is more preferable. For each point
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Figure C.7: Remove non-conforming boundary points from candidate list.

in the candidate list we form the triangle that would be created with the edge,

then using a 2D projection we test for overlap with the neighbouring elements 1

provided that the angle between the normals of the triangle and element tested

against is less than 90◦ (so the scalar product of both normals is positive). This

prevents testing for overlap between two elements that point in different directions

(i.e. are on opposite sides of a geometry) and, hence, there is no danger of overlap.

In some (rare) cases where there is very complicated geometry, such as double

folds or extreme curvature of the wall, all of the candidate points will fail this test.

As a result, the points identified using the test in this step are not completely

removed from the list of candidates. Instead, they form a second list of candidate

points, which are less preferable; these are only to be used if there are no points

in the list that pass this test, or, if there are, they can be used as a last resort for

the triangulation.

5. We now have, for each edge, two lists of points: one of which contains more

preferable points compared to the other list. Now we perform the triangulation,

for which we select a point for each edge from the intersecting body. This process

can be split into two further steps, because the triangulation is performed for all

of the edges belonging to one of the intersecting bodies first, then all of the edges

belonging to the other body second.

(a) The triangles formed are based on a Delaunay triangulation, which means

that the triangles are less “stretched”, and are as close to being equilateral

as possible. Thus, each possible triangle in the first list of points is formed,

and each of the interior angles is calculated. The smallest of these angles

for each triangle is stored; and the list of points is rearranged so that the

point which forms the triangle with the largest of these angles is first: this

first point forms the triangle. It may be possible for some of these triangles,

from different edges, to overlap, as in Fig. C.8(a); so each of the triangles

1The same elements used for the tests in Step 3 are sufficient, though only use those elements that
are not blanked and are unaffected by an intersection.
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Figure C.8: Overlap of triangles belonging to same body.

that have already been created are checked against the new triangle that has

just been created. If the third point of the triangle to be checked against is

in the list of candidate points for this triangle then the same projection test

used in Step 4 is employed, else it is ignored. If an intersection occurs, then

the triangle being created uses the third point of the intersecting triangle as

its third point; this process is seen in Figs. C.8(b) and C.8(c). This step will

result in triangles formed between the two bodies using the complete edges

from the first body.

(b) Next the triangles are formed from the edges belonging to the second body.

This step first follows the same procedure as in Step 5a: the reordering of

points in the list is based on a Delaunay triangulation, and the first point is

used in the triangle. This time though, the triangles that the new triangle

is checked against will clearly only belong to the second body (as the third

point of the triangles formed with the first body in Step 5a cannot belong to

the list of candidate points for any edge belonging to this body). As a result,

we need some way of checking for overlap against the triangles created in

Step 5a; so, if either of the first two points of the triangles formed in Step 5a

are points within the candidate list for the new triangle, it is checked using

the same overlap test as in Step 4. If there is an intersection, then the next

point in the candidate list is used, as is done in Fig. C.9. This continues

until the correct point is found.

6. The above steps will give a new surface between the two bodies, made up of

triangles, the majority of which are non-overlapping, resulting in no holes in the

surface. There may be one or two erroneous elements, which occur when there is

a double fold in the geometry, Fig. C.10(a). The tests performed in Steps 4 and 5

are only performed when the normal of the triangle and the neighbouring elements

have an angle between them of less than 90◦. For the case in Fig. C.10(a) the

highlighted element has no neighbouring elements that satisfy this (the normals

of each element is denoted by an arrow). As a result, no tests are performed and
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Figure C.9: Overlap of triangles belonging to opposite bodies.

the wrong point is chosen in the triangulation. For such triangles it is necessary

to identify the triangles that lie either side of it in the same body; these are

found easily because their initial edges share a common point. If one of these

neighbouring triangles has the same third point as the highlighted triangle then

it is left alone, else the next candidate point is used until this is the case; this

closes the geometry as seen in Fig. C.10(b).

The above algorithm is very detailed, but it does ensure that the resulting boundaries

are robustly rewritten, with no holes in the surface. Due to the procedure of Step 5,

the order that the geometries are input into the preprocessor does affect the resultant

surface discretisation. This is not ideal, and future work should eliminate this property.
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Figure C.10: Element belongs to a unique plane.
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