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Abstract

Theapplicationof a sparsematrix solver for thedirectcalculationof Hopf bifurcationpoints
for theflexible AGARD wing in atransonicflow modelledusingCFDis considered.Theiteration
schemefor solvingtheHopf equationsis basedon a modifiedNewton’s method.Direct solution
of thelinearsystemfor theupdateshaspreviously beenrestrictive for applicationof themethod,
and the sparsesolver overcomesthis limitation. Previous work hasdemonstratedthe scheme
for aerofoil calculations. The currentpapergives the first threedimensionalresultswith the
method,showing thatanentireflutter boundaryfor theAGARD wing canbetracedout in a time
comparableto thatrequiredfor asmallnumberof timeresponsecalculations,yielding two orders
of magnitudeimprovementwhencomparedto thetimemarchingapproach.

1 Introduction

Time domainanalysisis the main solutionmethodusedin computationalaeroelasticity. However,
theneedto executesearchesover multi-parameterspaceto identify stability behaviour leadsto high
computationalcostdueto theneedto do anunsteadycoupledcomputationalfluid dynamics(CFD)
andcomputationalstructuraldynamics(CSD)calculationfor eachcombinationof parameters.This
cost is not prohibitive whenthe intentionis to examinebehaviour at previously identifiedproblem
conditionsandthereareseveral recentimpressive demonstrationsof this kind for completeaircraft
configurations[1] [2].

A wayof reducingthecostof parametricsearchesfor stabilitybehaviour wasproposedby Morton
andBeranfrom theUSAir ForceLaboratories.Theirmethodusesdynamicalsystemstheoryto char-
acterisethenatureof theaeroelasticinstability, with thisadditionalinformationconcentratingtheuse
of theCFD. In this way theproblemof locatinga oneparameterHopf bifurcationwasreducedfrom
multiple time marchingcalculationsto a singlesteadystatecalculationof a modifiedsystem.This
modifiedsystemeffectively calculatesthevalueof theparameterwhereaneigenvalueof thesystem
Jacobianmatrix crossesthe imaginaryaxisat theflutter point. A convection-diffusionproblemwas
usedto evaluatetheapproach[3]. Themethodwasthenappliedto anaeroelasticsystemconsistingof
anaerofoilmoving in pitch andplungein reference[4]. Thelinearsystemwassolvedusinga direct
methodandthismotivatedtheuseof anapproximateJacobianmatrixto reducethecost.Somerobust-
nessproblemswereencounteredwhenapplyingthemethod,particularlyat transonicMachnumbers.
A complex variableformulationof theproblemwasintroducedin [5] which resolvedsomeof these
problems.An approachconsideredto reducethedifficultiesof applyingadirectsolver to largelinear
systemswasto usedomaindecompositionto reducethesizeof thesystemat theexpenseof anouter
iterationover thedomains.Thiswastestedon themodelproblemin references[3] and[5].
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The problemsintroducedby using a direct solver were resolved in [6] wherea sparsematrix
formulationwasusedto allow in principal the solutionof the linear systemfor muchlarger grids.
TheNewton iterationwasalsomodifiedto enhancetheefficiency of theschemefollowing work on
approximateJacobianmatricesfor CFD only problems[7]. The methodwasshown to be effective
for tracingoutflutterboundariesfor symmetricaerofoilsmoving in pitchandplunge,with reductions
in thecomputationaltime requiredof two ordersof magnitudewhencomparedwith timemarching.

The currentpaperextendsthe methodto calculateflutter boundariesfor symmetricwings. The
additionalissuesto be consideredare the treatmentof a moving grid arounda deforminggeome-
try, the useof a modalstructuralmodelandthe resultingrequirementto passinformationbetween
non-matchinggrids,andthe largerproblemsize(eg for the linearsystem).The formulationis con-
sideredin the following sectionandthenresultsarepresentedfor theAGARD wing testcase[8] to
demonstratetheinitial feasibilityof themethodfor realisticproblems.

2 Aerodynamic and Structural Simulations

2.1 Aerodynamics

Thethree-dimensionalEulerequationscanbewritten in conservativeform andCartesiancoordinates
as ���������� �
	����
�� ���������� �
����
����� (1)
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In theabove � , " , % , &U8 and ) denotethedensity, thethreeCartesiancomponentsof thevelocity, the
pressureandthespecifictotalenergy respectively, and 2 4 , D 4 , O 4 thethreeCartesiancomponentsof
thevelocity relative to themoving coordinatesystemwhichhaslocalvelocitycomponents>
 , >� and >�
i.e. 2 4 �L"�VW>
 (4)D 4 ��%XV�>� (5)O 4 ��&YV�>� (6)

Theflow solutionin thecurrentwork is obtainedusingtheGlasgow UniversitycodePMB (parallel
multi-block). A summaryof theapplicationsexaminedusingthecodecanbefoundin reference[7].



3

A fully implicit steadysolutionof theEulerequationsis obtainedby advancingthesolutionforward
in timeby solvingthediscretenonlinearsystemof equations��ZR[F\� V � Z�],� ��^ � � � ZR[F\� + S (7)

The term on the right handside, called the residual,is the discretisationof the convective terms,
givenhereby Osher’sapproximateRiemannsolver [9], MUSCL interpolation[10] andVanAlbada’s
limiter. Thesignof thedefinitionof theresidualis oppositeto conventionin CFDbut thisis to provide
asetof ordinarydifferentialequationswhich follows theconventionof dynamicalsystemstheory, as
will bediscussedin thenext section.Equation(7) is anonlinearsystemof algebraicequations.These
aresolvedby an implicit method[11], the main featuresof which arean approximatelinearisation
to reducethesizeandconditionnumberof thelinearsystem,andtheuseof a preconditionedKrylov
subspacemethodto calculatethe updates.The steadystatesolver is appliedto unsteadyproblems
within a pseudotimesteppingiteration[12].

2.2 Structural Dynamics, Inter-grid Transformation and Mesh Movement

Thewing deflections_;`$a aredefinedat asetof points `6a by_R`$a �cbed ��f�� (8)

where f
� are the modeshapescalculatedfrom a full finite elementmodel of the structureand d �
arethegeneralisedcoordinates.By projectingthefinite elementequationsontothemodeshapesthe
scalarequations g#h d �g � h �ji h� d � �Lk f -�
l a (9)

are obtainedwhere l a is the vector of aerodynamicforcesat the structuralgrid points and k is a
coefficient relatedto thefluid freestreamdynamicpressurewhichredimensionalisestheaerodynamic
forces.Theseequationsarerewrittenasasystemin theformg � ag � �=^ a (10)

where
� a �m� SnSoSnSoSoS  pd �  K>d �  SnSoSnS +.- and ^ a �T� SnSoSoSnSoS  :>d �  !k f - � l a Vqi h� d �  SoSoSnS +.- .

Theaerodynamicforcesarecalculatedat cell centreson theaerodynamicsurfacegrid. Theprob-
lem of communicatingtheseforcesto the structuralgrid is complicatedin the commonsituation
wherethesegridsnot only don’t matchbut alsoarenot definedon thesamesurface.This problem,
andthe influenceit canhave on the aeroelasticresponse,wasconsideredin [13] and[14], wherea
methodwasdeveloped,calledconstantvolumetetrahedron(CVT) transformation.This methoduses
a combinationof projectionof fluid pointsonto the structuralgrid, transformationof the projected
point andrecovery of the out-of-planecomponentto obtaina cheapbut effective relationbetween
deformationson thestructuralgrid andthoseon thefluid grid. Denotingthefluid grid locationsand
aerodynamicforcesas `�r and l r , then _R`6r �=st� `6r  `$a  _R`$a +
wheres denotestherelationshipdefinedby CVT. In practicethis equationis linearisedto give_R`6r �vuw� `6r  `$a + _R`$a
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andthenby theprincipleof virtual work l a ��u7- l r .
Thegrid speedson thewing surfacearealsoneededandtheseareapproximateddirectly from the

linearisedtransformationas _ >`6r �vuw� `6r  `$a + _ >`$a
wherethestructuralgrid speedsaregivenby_ >`6a �cbP>d �<f
� S (11)

Thegeometriesof interestdeformduringthemotion. This means,unlike therigid aerofoilprob-
lem, that theaerodynamicmeshmustbedeformedratherthanrigidly translatedandrotated.This is
achieved usingtransfiniteinterpolationof displacements(TFI) asdescribedin reference[15]. The
grid speedsarealsointerpolatedfrom known boundaryspeeds.In this way thegrid locationsdepend
on d � andthespeedson >d � .
2.3 Time Domain Solver

For coupledCFD-CSDcalculationstheaerodynamicandstructuralsolutionsmustbesequenced.For
steadysolutions,takingonestepof theCFD solver followedby onestepof thestructuralsolver will
resultin thecorrectequilibrium. However, for time accuratecalculationsmorecaremustbetakento
avoid introducingadditionalerrors.Theexactformulationusedto avoid this is discussedin reference
[16].

3 Formulation of Hopf Analysis

Thesemi-discreteform of thecoupledCFD-CSDsystemg �g � ��^9� �  !k$+ (12)

where � �mx ���  � a.y - (13)

is avectorcontainingthefluid unknowns
���

andthestructuralunknowns
� a and^��Txz^ �  !^ a{y - (14)

is a vectorcontainingthefluid residual̂
�

andthestructuralresidual̂ a . Theresidualalsodepends
onaparameterk whichis independentof

�
. In thecaseof thewing testcasethebifurcationparameter

is thedynamicpressure.An equilibriumof this system
�}| �<k$+ satisfieŝ9� �}|  (k$+~��� .

Dynamicalsystemstheorygivescriteria for an equilibrium to be stable[17]. In particular, all
eigenvaluesof theJacobianmatrix of equation(12), givenby � � � ^�� ��� , musthave negative real
part. A Hopf bifurcationwith respectto theparameterk occursin thestability of theequilibriumat
valuesof k suchthat � � ��|  !k$+ hasoneeigenvalue � i whichcrossestheimaginaryaxis.Denotingthe
correspondingeigenvectorby � � � \ � ��� h , acritical valueof k is oneatwhichthereis aneigenpairi and � suchthat ��� � � i � S (15)

This equationcanbe written in termsof real andimaginarypartsas �5� \ ��i � h �W� and ��� h Vi � \ ��� . A uniqueeigenvectoris chosenby scalingagainsta constantreal vector � to producea
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fixedcomplex value,taken to be �K�c� � . This yields two additionalscalarequations� - � \ ��� and� - � h V����v� .
A bifurcationpoint canbecalculateddirectlyby solvingthesystemof equations^���� � �F+��v� (16)

where ^���� ������ ^�5� \ ��i � h�5� h V�i � \� - � \� - � h V��
������� (17)

and
� ����x �  � \  � h  !k� �i y - . If thereare � componentsin

�
then

� � has ��� �=� components,as
doeŝ�� . Henceequation(16) is closed.Thecatchis that this is a largesparsesystemof nonlinear
equations.

Newton’smethodcanbeusedto solvethis typeof problem.A sequenceof approximations
� Z� to

asolutionis generatedby solvingthelinearsystem� ^����� � ],� ��� Vw^ Z� (18)

where
],� �¡� ��Z¢[F\� V � Z� . TheJacobianmatrix on the left handsideof equation(18) is given in

expandedform as � ^����� � �
������ � � � ^�£ �� ��� \ +¥¤ � ¦ i � ��� \ +.£ � h� ��� h +¥¤ V ¦ i � � ��� h +.£ V � \� � - � � �� � � - � �

������� S (19)

Thereare threekey issuesfor the applicationof equation(18). First, a good initial guessis
requiredor theiterationswill diverge.Secondly, theJacobianmatrix

� ^���� ��� � is required.Thirdly,
the large sparselinearsystemgiven in equation(18) mustbesolved. Thesepointswereconsidered
for the aerofoil problemin [6]. For the threedimensionalproblemwith a modalstructuralmodel
the Jacobiancalculationis the aspectwhich is different from the aerofoil case. This is therefore
consideredin thenext section.

The detailsof the first and third pointsareasdescribedpreviously for the aerofoil casein [6]
andare only summarisedhere. First, for the applicationof the schemeit is assumedthat a good
estimateof the flutter point andfrequency is availablefrom someothersource,for examplelinear
theory, at thefirst Machnumberof interest.The inversepower methodis thenused,againusingthe
sparsematrix formulation,to calculatetheeigenvectorcorrespondingto thecritical eigenvalue.This
informationis thenusedasthestartingsolutionfor theHopf calculationat thefirst Machnumberand
thenatsubsequentMachnumbers,theconvergedsolutionfrom thepreviousoneprovidesanadequate
startingsolution.In this way theflutterboundaryis tracedfor a rangeof Machnumbers.

The linear systemat eachNewton stepis solved using the sparsematrix packageAztec [19].
Whilst not optimisedfor thecurrentproblem,thegeneralityof thepackagehasallowedvariousex-
perimentsto be carriedout. This packagehasthreemain solversavailable,namelyGMRES,CGS
andTFQMR,althoughthedifferencesin performancefor thecurrentproblemwerefoundto besmall.
Thekey issuefor iterative linearsolversis usuallythepreconditioner. TheincompleteLU factorisa-
tion family [18] canbe very effective at approximatingthe inverseof the coefficient matrix with a
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small numberof terms. For CFD calculations,block ILU factorisationswith no fill in have proved
very successful[7]. Hereno fill in meansthat the factorisationhasthesamesparsitypatternasthe
coefficientmatrix. Thismethodhasbeenusedin thecurrentwork.

Onesimplificationarisesif we aredealingwith a symmetricproblemeg a symmetricalaerofoil
at zeroincidence[4]. In this casetheequilibriumsolution

�}|
is independentof k andhencecanbe

calculatedfrom equation(12) independentlyof theotherHopf conditionsin equation(16). Then,a
smallersystemcanbe solved for the bifurcationparameter. This simplification is exploited in the
currentwork, althoughis not inherentin theapproachused.

4 Calculation of the Jacobian Matrix

The difficult termsto form in the Jacobianmatrix of the augmentedsystemare � and � £ . The
calculationof � is mostconvenientlydoneby partitioningthematrixas� � §©¨«ªI¬¨ ¤ ¬ ¨«ªI¬¨ ¤6­¨«ª ­¨ ¤ ¬ ¨«ª ­¨ ¤ ­¯® ��° � �«� � � a�ta � �5a�a,± S (20)

Theblock � �²� describestheinfluenceof thefluid unknownson thefluid residualandhasby far the
largestnumberof nonzerosfor a modalstructuralmodel.Thetreatmentof this termis crucialto the
efficiency of the schemeandis discussedin [6]. To drive the Newton iterationto convergencethe
analyticalJacobiancorrespondingto thefirst orderspatialschemeis used.This approachhasproved
successfulfor CFD only calculations[7].

Theonly issuefor theNewton iterationmatrix is thattheschemeconvergesto thecorrectanswer,
which is determinedby thecalculationof theresidualon theright handsideof theNewton iteration.
Hence,theproducts�5� \ and ��� h mustbecomputedexactly. This canbedoneusinga matrix free
formulationas �w`J³ ^J� � �µ´ ` +~V�^9� � V�´ ` +�¶´ (21)

where ` denotestherealor imaginarypartof thecritical eigenvalueand ´ is the incrementapplied.
Computingthis expressionis not costly as it requiresonly two residualevaluations. This givesa
very accurateapproximationto the requiredproductwithout having to evaluateandstore � . The
matrix � is requiredfor the left handsidecoefficient matrix but the modifiedorderapproximation
is usedfor this purposewhich reducesthe storage.Hence,usingthe matrix free evaluationof the
augmentedresidualreducesthememoryrequirementsfor theschemeoverall andsimplifiesthecode
considerably.

Thedependenceof thefluid residualon thestructuralunknowns d � and >d � is partially hiddenby
thenotationused.Thefluid residualdependsnotonly on thefluid cell valuesbut alsoon thelocation
of thegrid pointsthemselvesandthecell volumes.Thefluid andstructuralunknownsareindependent
variablesandhenceto calculatetheterm � � a thefluid unknownsarekeptfixed.Theinfluenceof the
structuralunknowns is felt throughthemoving grid. Using themodalstructuralmodeltheupdated
grid locationsandspeedsarecalculatedby moving thestructuralgrid accordingto thevaluesof the
generalisedcoordinatesandvelocities,transferringtheseto thefluid surfacegrid usingthelinearised
CVT transformationandthenapplyingTFI to transfertheseboundaryvaluesto thevolumegrid. By
usingsecondorderfinite differences,thetermsfor � � a canbecalculatedin � ��a evaluationsof ^ r if
thereare ��a structuralunknowns.

The term �ta � involvescalculatingthe dependenceof the generalisedfluid forceson the fluid
unknowns. The surfaceforceson the aerodynamicgrid arecalculatedand then transferredto the
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structuralgrid usingtheCVT transformation.The innerproductis thenformedusingthe forceson
thestructuralgrid andthemodalcoefficients.TheJacobianmatrix for theforceon thestructuralgrid
with respectto the fluid unknownscanbe calculatedfirst analytically. Thenthe requiredtermsfor�ta � canbecalculatedthroughmatrix-vectormultiplication.

Finally, theexactJacobianmatrix for thedependenceof thestructuralequationson thestructural
unknownsis easyto calculate.However, it is importantto rememberthat thegeneralisedforcewill
changewith the structuralunknowns alsosincethe surfacenormalsto the wing will changeasthe
wing moves.A finite differencecalculationis usedhereto includethis effect.

Thebifurcationparameter( k in this case)only appearsin thestructuralequations.Therefore,for
this case, � £X� ° � �� ¨²·{ª ­¨ £ ¨ ¤6­ ± (22)

Due to the simplealgebraicexpressionfor
� ^ a � ��� a it is straightforward to calculatethe required

termanalytically.

5 Results for Symmetric Problem

An importantproblemwith thedevelopmentof aeroelasticsimulationtoolsis thelackof experimental
dataavailablefor assessment.Theexperimentsareintrinsicallydestructiveandhencemoreexpensive
thanrigid modeltests.A completesetof measurementsis availablefor theAGARD 445.6wing and
resultshave beenincludedfor mostsimulationpaperson flutter, giving a wide rangeof datawith
which to evaluatethe currentmethod. However, the disadvantageof the currenttestcaseis that it
doesnot featuresignificantnonlineareffectssincethe wing is thin. Despitethis, it is commonly
thefirst testcaseusedto testtime marchingcodesandis suitablefor thecurrentwork becauseit is
symmetric.Previoustimemarchingresultsarereviewedin reference[16].

TheAGARD 445.6wing is madeof mahogany andhasa ¸*¹»º quarterchordsweep,arootchordof
22.96inchesandaconstantNACA64A004symmetricprofile [8]. A seriesof flutter testswhichwere
carriedout at the NASA Langley TransonicDynamicsTunnelto determinestability characteristics
wasreportedin 1963 . Variouswing modelswere tested(andbroken). The casefor which most
publishedresultshaveappearedis theweakenedwing (wing 3) in air. Thiswing hadholesdrilled out
which werefilled with plastic to maintainthe aerodynamicshapewhilst beingstructurallyweaker.
Publishedexperimentaldataincludesthe dynamicconditionsat which the wing wasviewed to be
unstablefor Mach numbersin the range0.338to 1.141. The structuralcharacteristicsof the wing
wereprovided in the form of measurednaturalfrequenciesandmodeshapesderived from a finite
elementmodel. Full detailsof thestructuralmodelusedaregivenin [13]. Four modesareretained
with thefirst to bendingmodeshaving frequencies9.7and50.3,andthetwo torsionalmodesat 36.9
and90.0.

A multiblock grid with a CH topologywasgeneratedcontaining100 thousandpoints(referred
to as the fine grid). From this grid a secondwas extractedby taking every secondpoint in each
coordinatedirectionto giveacoarsegrid containing12 thousandpoints.

Two setsof resultswere generatedfor comparison.First, the bifurcationmethodwasusedto
traceout theflutterboundary. Secondly, thetimemarchingmethodwasusedto checktheconsistency
of the results. The computedboundariesareshown in figure 1, in termsof reducedair speed,on
the two grids. As expected,grid refinementshifts thecurvesdown (i.e. makesthesystemflutter at
lower valuesof dynamicpressure).From the resultsa finer grid level would be requiredto obtain
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grid independentresultscloserto experimentalmeasurements.However, asdiscussedbelow, it is not
currentlypossibleto usethebifurcationmethodonfiner gridsandsothis wasnotdone.

More importantlyfor demonstratingthedirectmethod,theresultsareconsistentwith thosefrom
timemarchingsolutions.Carehasbeentakento testthetimemarchingresultsfor independencefrom
time stepandpseudotolerance.A time stepof 0.2 anda pseudoresidualof 0.01 wasused. This
meansaround10pseudoiterationsperrealtimestep.Thecostof eachunsteadycalculationis around
50 timesthatof a steadystatecalculation.

Thecalculationswererun on a 2.5 GHz PC.Thefine grid bifurcationcalculationtracedout the
boundarybetweenMachnumbersof 0.67and1.14in stepsof 0.05. The bifurcationcalculationon
thefine grid took 1.56timesthe requiredsteadystatecalculationat thesameMachnumber. Thirty
Newton iterationswereusedat eachMachnumber. A majorconcernis theperformanceof thelinear
solver for thelargerproblemsencounteredin 3d. However, on average38Krylov stepsareneededat
eachNewtonstepwhich is similar to thecostsof solvingthelinearsystemsin theaerofoilcase[6].

To evaluatethebifurcationmethod,thecostof tracingout theboundaryusing9 Machnumbersis
equivalentto 23 steadystatecalculations.Usingtime marching,andmakinga conservativeestimate
that3 timemarchingcalculationswill berequiredateachMachnumber, thecostwill beequivalentto
overonethousandsteadystatecalculations.Therefore,thebifurcationmethodturnsout to bearound
two ordersof magnitudemoreefficient thanbruteforce time marching.This is consistentwith the
conclusionsfrom theaerofoilcases[6].

Currenteffortsarebeingdirectedatanefficientparallelimplementationto allow largescaleprob-
lemsto becomputed.

6 Conclusions

Themethodproposedin [6] for calculatingHopf Bifurcationsof two dimensionalsystemshasbeen
successfullyappliedto the threedimensionalAGARD 445.6wing case. The performanceof the
Krylov basedsparselinearsolver andtheapproximateNewton iterationschemehasbeenshown to
beconsistentwith theprevioustwo dimensionalresults.
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Figure1: Flutterboundarycomputedusingtimemarchingandbifurcationmethodson thecoarseand
finegrids.


