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Abstract

The applicationof a sparsematrix solver for the direct calculationof Hopf bifurcationpoints
for theflexible AGARD wing in atransonidlow modelledusingCFD is consideredTheiteration
schemdor solvingthe Hopf equationss basedon a modifiedNewton’s method.Direct solution
of thelinear systemfor the updateshaspreviously beenrestrictve for applicationof the method,
andthe sparsesolver overcomegthis limitation. Previous work hasdemonstratedhe scheme
for aerofoil calculations. The currentpapergives the first three dimensionalresultswith the
method,shaving thatanentireflutter boundaryfor the AGARD wing canbetracedoutin atime
comparable¢o thatrequiredfor asmallnumberof time responsealculationsyielding two orders
of magnitudemprovementwhencomparedo thetime marchingapproach.

1 Introduction

Time domainanalysisis the main solution methodusedin computationaberoelasticity However,
the needto executesearchesver multi-parametespaceto identify stability behaiour leadsto high
computationatostdueto the needto do an unsteadycoupledcomputationafluid dynamics(CFD)
andcomputationaktructuraldynamics(CSD) calculationfor eachcombinationof parametersThis
costis not prohibitive whenthe intentionis to examinebehaiour at previously identified problem
conditionsandthereare several recentimpressve demonstrationsf this kind for completeaircraft
configurationg1] [2].

A way of reducingthe costof parametricsearche$or stability behaiour wasproposedy Morton
andBeranfrom theUS Air ForceLaboratoriesTheirmethodusesdynamicalsystemgheoryto char
acterisghe natureof the aeroelastiénstability, with this additionalinformationconcentratinghe use
of the CFD. In thisway the problemof locatinga one parameteHopf bifurcationwasreducedrom
multiple time marchingcalculationsto a single steadystatecalculationof a modified system. This
modifiedsystemeffectively calculateghe valueof the parametewherean eigervalueof the system
Jacobiammatrix crosseghe imaginaryaxis at the flutter point. A corvection-difusion problemwas
usedto evaluatetheapproach3]. Themethodwasthenappliedto anaeroelasticystemconsistingof
anaerofoilmoving in pitch andplungein referencd4]. Thelinearsystemwassolvedusingadirect
methodandthis motivatedtheuseof anapproximatelacobiammatrix to reducethe cost. Somerobust-
nessproblemswereencountereevhenapplyingthe method particularlyattransonidMachnumbers.
A comple variableformulationof the problemwasintroducedin [5] which resolved someof these
problems.An approactconsideredo reducethedifficultiesof applyinga directsolverto largelinear
systemswvasto usedomaindecompositiono reducethe sizeof the systemat the expenseof anouter
iterationover thedomains.This wastestedon the modelproblemin reference$3] and[5].
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The problemsintroducedby using a direct solver were resohed in [6] wherea sparsematrix
formulationwas usedto allow in principal the solutionof the linear systemfor muchlarger grids.
The Newton iterationwasalsomodifiedto enhancehe efficiency of the schemefollowing work on
approximateJacobiarmatricesfor CFD only problems[7]. The methodwasshaown to be effective
for tracingoutflutter boundariegor symmetricaerofoilsmoving in pitchandplunge,with reductions
in the computationatime requiredof two ordersof magnitudevhencomparedvith time marching.

The currentpaperextendsthe methodto calculateflutter boundariedor symmetricwings. The
additionalissuesto be consideredare the treatmentof a moving grid arounda deforminggeome-
try, the useof a modalstructuralmodelandthe resultingrequiremento passinformationbetween
non-matchinggrids, andthe larger problemsize (eg for the linear system).The formulationis con-
sideredin the following sectionandthenresultsare presentedor the AGARD wing testcase[8] to
demonstraté¢heinitial feasibility of the methodfor realisticproblems.

2 Aerodynamic and Structural Simulations

2.1 Aerodynamics

Thethree-dimensiondtulerequationsanbewrittenin conserative form andCartesiarcoordinates
as
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wherew; = (p, pu, pv, pw, pE)" denoteghe vectorof conseredvariables.Theflux vectorsF*, G*
andH* are,
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In theabove p, u, v, w p and E denotehedensity thethreeCartesiarcomponentsf thevelocity, the
pressureandthespecifictotal enegy respectrely, andU*, V*, W* thethreeCartesiarcomponentsf
the velocity relative to the moving coordinatesystemwhich haslocal velocity components;, ¢ andz
i.e.

U'=u—12 4)
Vi=u—j )
W*=w— 2 (6)

Theflow solutionin thecurrentwork is obtainedusingthe Glasgav UniversitycodePMB (parallel
multi-block). A summaryof the applicationsexaminedusingthe codecanbe foundin referencd?7].



A fully implicit steadysolutionof the Eulerequationds obtainedby advancingthe solutionforward
in time by solvingthediscretenonlinearsystemof equations

n+1l __ n

At

The term on the right handside, called the residual,is the discretisationof the corvective terms,
givenhereby Oshers approximateRiemannsolver [9], MUSCL interpolation[10] andVanAlbada's
limiter. Thesignof thedefinitionof theresiduals oppositeto corventionin CFD but thisis to provide

asetof ordinarydifferentialequationsvhich follows the corventionof dynamicalsystemgheory as
will bediscussedh thenext section.Equation(7) is anonlinearsystemof algebraicequationsThese
aresolved by animplicit method[11], the main featuresof which arean approximatdinearisation
to reducethe sizeandconditionnumberof the linearsystemandthe useof a preconditioneKrylov

subspacenethodto calculatethe updates.The steadystatesolver is appliedto unsteadyproblems
within a pseuddime steppingteration[12].

= Rf(w?“). (7)

2.2 Structural Dynamics, Inter-grid Transfor mation and Mesh M ovement

Thewing deflectionsix,; aredefinedat a setof pointsx, by
0xXs = Y;P; (8)

where ¢; arethe mode shapescalculatedfrom a full finite elementmodel of the structureand «;
arethe generaliseadoordinatesBy projectingthefinite elementquation®ntothe modeshapeshe
scalarequations

d2a,-

dt?
are obtainedwheref; is the vector of aerodynamidorcesat the structuralgrid pointsand y is a
coeficientrelatedto thefluid freestreandynamicpressuravhich redimensionalisetheaerodynamic
forces.Theseequationsarerewritten asa systemin theform

+ wizai = uqSins 9)

dwyg

dt

wherew, = (......, a;, @, ....)T andRy, = (......, ay, pdr £, — wiay, ....)7T.

Theaerodynamidorcesarecalculatedat cell centresonthe aerodynamisurfacegrid. The prob-
lem of communicatingtheseforcesto the structuralgrid is complicatedin the commonsituation
wherethesegrids not only don't matchbut alsoarenot definedon the samesurface. This problem,
andtheinfluenceit canhave on the aeroelasticdesponsewasconsideredn [13] and[14], wherea
methodwasdeveloped calledconstantvolumetetrahedrof{CVT) transformationThis methoduses
a combinationof projectionof fluid pointsonto the structuralgrid, transformatiorof the projected
point andrecovery of the out-of-planecomponento obtaina cheapbut effective relation between
deformationon the structuralgrid andthoseon the fluid grid. Denotingthe fluid grid locationsand
aerodynamidorcesasx, andf,, then

=R, (20)

0% = 8(Xq, X5, 0Xs)
whereS denotegherelationshipdefinedby CVT. In practicethis equationis linearisedo give

Xy = S(Xq, Xs)0Xs



andthenby theprinciple of virtual work f, = S7f,.
Thegrid speed®nthewing surfacearealsoneededindtheseareapproximatedlirectly from the
linearisedransformatioras
0%, = S(Xq,Xs)0X5

wherethe structuralgrid speedsaregivenby

The geometrie®f interestdeformduring the motion. This meansunlike therigid aerofoil prob-
lem, thatthe aerodynamieneshmustbe deformedratherthanrigidly translatecandrotated.Thisis
achievzed using transfiniteinterpolationof displacement§TFI) asdescribedn referencd15]. The
grid speedsrealsointerpolatedrom known boundaryspeedsIn this way the grid locationsdepend
ona; andthespeed®n ¢;.

2.3 TimeDomain Solver

For coupledCFD-CSDcalculationgheaerodynami@ndstructuralsolutionsmustbe sequencedror
steadysolutions taking onestepof the CFD solver followed by onestepof the structuralsolver will
resultin the correctequilibrium. However, for time accuratecalculationanorecaremustbetakento
avoid introducingadditionalerrors.The exactformulationusedto avoid thisis discussedh reference
[16].

3 Formulation of Hopf Analysis

The semi-discretdéorm of the coupledCFD-CSDsystem

dw
o R(w, i) (12)
where

w = [wy, w,]” (13)

is avectorcontainingthe fluid unknovnsw ; andthe structuralunknovnsw, and
R = [R;,Ry]" (14)

is avectorcontainingthefluid residualR ; andthestructuralresidualR ;. Theresidualalsodepends
onaparametep whichis independentf w. In thecaseof thewing testcasehebifurcationparameter
is the dynamicpressureAn equilibriumof this systemw,(x) satisfiesR (wy, 1) = 0.

Dynamicalsystemstheory gives criteria for an equilibrium to be stable[17]. In particular all
eigervaluesof the Jacobiarmatrix of equation(12), givenby A = 0R /0w, musthave negative real
part. A Hopf bifurcationwith respecto the parametey: occursin the stability of the equilibrium at
valuesof i suchthat A(wy, 1) hasoneeigervalueiw which crossesheimaginaryaxis. Denotingthe
correspondingigervectorby P = P, + P, acritical valueof 1 is oneatwhichthereis aneigenpair
w andP suchthat

AP = iwP. (15)

This equationcanbe written in termsof realandimaginarypartsas AP; + wPy, = 0 and AP, —
wP; = 0. A uniqueeigervectoris chosenby scalingagainsta constantreal vectorq to producea



fixed complex value,takento be 0 + 1i. This yieldstwo additionalscalarequationsy”P; = 0 and
qTP2 —1=0.
A bifurcationpoint canbe calculateddirectly by solvingthe systemof equations

Ra(wy) =0 (16)
where
R
AP1 + ng
R,y=| APy, — wP; a7
q'P,
qTP2 -1

andw, = [w, Py, Py, u,w|". If therearen componentsn w thenw, has3n + 2 componentsas
doesR 4. Henceequation(16) is closed. The catchis thatthis is a large sparsesystemof nonlinear
equations.
Newton’s methodcanbe usedto solve this typeof problem.A sequencef approximationsv’; to

asolutionis generatedby solvingthelinearsystem

OR 4
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whereAw, = w’it! — w?. The Jacobiarmatrix on the left handside of equation(18) is givenin
expandedorm as

A 0 0 R, 0
aRA (API)W A Tw (APl)H P2

T = (APy)y, —Iw A (APy), —P; |. (19)
A 0 af 0 0 0
0 0 q°© 0 0

Thereare threekey issuesfor the applicationof equation(18). First, a good initial guessis
requiredor theiterationswill diverge. Secondlythe Jacobiarmatrix OR. 4 /0w 4 is required.Thirdly,
the large sparsdinear systemgivenin equation(18) mustbe solved. Thesepointswereconsidered
for the aerofoil problemin [6]. For the threedimensionalproblemwith a modal structuralmodel
the Jacobiancalculationis the aspectwhich is differentfrom the aerofoil case. This is therefore
consideredn thenext section.

The detailsof the first andthird points are as describedpreviously for the aerofoil casein [6]
and are only summarisechere. First, for the applicationof the schemeit is assumedhat a good
estimateof the flutter point andfrequeng is available from someothersource for examplelinear
theory at thefirst Mach numberof interest. The inversepower methodis thenused,againusingthe
sparsamatrix formulation,to calculatethe eigervectorcorrespondingo the critical eigervalue. This
informationis thenusedasthe startingsolutionfor the Hopf calculationat the first Machnumberand
thenatsubsequerlachnumbersthecornvergedsolutionfrom thepreviousoneprovidesanadequate
startingsolution. In this way theflutter boundaryis tracedfor a rangeof Machnumbers.

The linear systemat eachNewton stepis solved using the sparsematrix packageAztec [19].
Whilst not optimisedfor the currentproblem,the generalityof the packagehasallowed variousex-
perimentsto be carriedout. This packagehasthreemain solversavailable,namelyGMRES,CGS
andTFQMR, althoughthedifferencesn performancdor thecurrentproblemwerefoundto besmall.
Thekey issuefor iterative linear solversis usuallythe preconditioner TheincompleteLU factorisa-
tion family [18] canbe very effective at approximatingthe inverseof the coeficient matrix with a



small numberof terms. For CFD calculationsblock ILU factorisationswith nofill in have proved
very successfu[7]. Hereno fill in meanghatthe factorisationhasthe samesparsitypatternasthe
coeficient matrix. This methodhasbeenusedin the currentwork.

Onesimplificationarisesif we aredealingwith a symmetricproblemeg a symmetricalaerofoll
at zeroincidence[4]. In this casethe equilibriumsolutionw is independendf ;. andhencecanbe
calculatedrom equation(12) independentiyof the otherHopf conditionsin equation(16). Then,a
smallersystemcan be solved for the bifurcation parameter This simplificationis exploitedin the
currentwork, althoughis notinherentin theapproactused.

4 Calculation of the Jacobian M atrix

The difficult termsto form in the Jacobianmatrix of the augmentedsystemare A and A,. The
calculationof A is mostcorvenientlydoneby partitioningthe matrix as

oR; IRy
- ARl (20)
6—Wf ws sf $$

Theblock Ay, describegheinfluenceof the fluid unknovnson thefluid residualandhasby far the
largestnumberof nonzerosfor a modalstructuralmodel. Thetreatmenof this termis crucialto the
efficiengy of the schemeandis discussedn [6]. To drive the Newton iterationto corvergencethe
analyticalJacobiarcorrespondingdo thefirst orderspatialschemes used.This approactasproved
successfutor CFD only calculationd7].

Theonly issuefor the Newton iterationmatrix is thatthe schemecorvergesto the correctanswey
whichis determinedy the calculationof the residualon theright handsideof the Newton iteration.
Hence the productsAP; and AP, mustbe computedexactly. This canbe doneusinga matrix free
formulationas
R(w + hx) — R(w — hx)

2h

wherex denoteghereal or imaginarypartof the critical eigervalueandh is theincrementapplied.
Computingthis expressionis not costly asit requiresonly two residualevaluations. This givesa
very accurateapproximationto the requiredproductwithout having to evaluateandstore A. The
matrix A is requiredfor the left handside coeficient matrix but the modified orderapproximation
is usedfor this purposewhich reduceshe storage. Hence,using the matrix free evaluationof the
augmentedesidualreduceghe memoryrequirementgor the schemeoverall andsimplifiesthe code
considerably

The dependencef the fluid residualon the structuralunknovns o; anda; is partially hiddenby
thenotationused.Thefluid residualdependsiot only onthefluid cell valuesbut alsoon thelocation
of thegrid pointsthemselesandthecell volumes.Thefluid andstructuralunknavnsareindependent
variablesandhenceto calculatetheterm A, thefluid unknovnsarekeptfixed. Theinfluenceof the
structuralunknawnsis felt throughthe moving grid. Using the modalstructuralmodelthe updated
grid locationsandspeedsre calculatedoy moving the structuralgrid accordingto the valuesof the
generalised¢oordinatesandvelocities transferringtheseto thefluid surfacegrid usingthelinearised
CVT transformatiorandthenapplying TFI to transfertheseboundaryaluesto the volumegrid. By
usingsecondorderfinite differencesthetermsfor A, canbe calculatedn 2n, evaluationsof R, if
therearen, structuralunknowns.

The term A, involves calculatingthe dependencef the generalisedluid forceson the fluid
unknowvns. The surfaceforceson the aerodynamiaqrid are calculatedand thentransferredo the

Ax ~

(21)



structuralgrid usingthe CVT transformation.The inner productis thenformedusingthe forceson
thestructuralgrid andthe modalcoeficients. The Jacobiarmatrix for theforce on the structuralgrid
with respecto the fluid unknavns canbe calculatedfirst analytically Thenthe requiredtermsfor
A,y canbecalculatedhroughmatrix-vectormultiplication.

Finally, the exactJacobiammatrix for the dependencef the structuralequationson the structural
unknownsis easyto calculate.However, it is importantto remembethatthe generalisedorce will
changewith the structuralunknaovns alsosincethe surfacenormalsto the wing will changeasthe
wing moves.A finite differencecalculationis usedhereto includethis effect.

Thebifurcationparamete( in this case)only appearsn the structuralequationsTherefore for
this case,

4, = [ ey ] (22)
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Due to the simple algebraicexpressionfor R, /0w it is straightforvard to calculatethe required
termanalytically

5 Resultsfor Symmetric Problem

An importantproblemwith thedevelopmenbf aeroelastisimulationtoolsis thelack of experimental
dataavailablefor assessment.heexperimentsareintrinsically destructve andhencemoreexpensve
thanrigid modeltests.A completesetof measurements availablefor the AGARD 445.6wing and
resultshave beenincludedfor mostsimulationpaperson flutter, giving a wide rangeof datawith

which to evaluatethe currentmethod. However, the disadwantageof the currenttestcaseis that it

doesnot featuresignificantnonlineareffects sincethe wing is thin. Despitethis, it is commonly
thefirst testcaseusedto testtime marchingcodesandis suitablefor the currentwork becauset is

symmetric.Previoustime marchingresultsarereviewedin referencg16].

The AGARD 445.6wing is madeof mahogag andhasa 45° quarterchordsweeparoot chordof
22.96inchesandaconstanNACA64A004symmetricprofile [8]. A seriesof fluttertestswhichwere
carriedout at the NASA Langley TransonicDynamicsTunnelto determinestability characteristics
was reportedin 1963. Variouswing modelswere tested(and broken). The casefor which most
publishedresultshave appeareds thewealenedwing (wing 3) in air. Thiswing hadholesdrilled out
which werefilled with plasticto maintainthe aerodynamishapewhilst being structurallywealer.
Publishedexperimentaldataincludesthe dynamicconditionsat which the wing was viewed to be
unstablefor Mach numbersin the range0.338to 1.141. The structuralcharacteristicef the wing
were provided in the form of measuredaturalfrequenciesand modeshapederived from a finite
elementmodel. Full detailsof the structuralmodelusedaregivenin [13]. Four modesareretained
with thefirst to bendingmodeshaving frequencie®.7 and50.3,andthe two torsionalmodesat 36.9
and90.0.

A multiblock grid with a CH topology was generatedcontaining100 thousandooints (referred
to asthe fine grid). From this grid a secondwas extractedby taking every secondpoint in each
coordinatedirectionto give a coarsegrid containingl2 thousandgoints.

Two setsof resultswere generatedor comparison. First, the bifurcation methodwas usedto
traceouttheflutter boundary Secondlythetime marchingmethodwasusedto checktheconsisteng
of the results. The computedboundariesare shavn in figure 1, in termsof reducedair speed,on
thetwo grids. As expected grid refinementshifts the curvesdown (i.e. makesthe systemflutter at
lower valuesof dynamicpressure).From the resultsa finer grid level would be requiredto obtain



grid independentesultscloserto experimentaimeasurementsdowever, asdiscussedbelow, it is not
currentlypossibleto usethe bifurcationmethodon finer gridsandsothis wasnot done.

More importantlyfor demonstratinghe directmethod the resultsare consistentvith thosefrom
time marchingsolutions.Carehasbeentakento testthetime marchingresultsfor independencéom
time stepand pseudotolerance. A time stepof 0.2 anda pseudoresidualof 0.01 wasused. This
meansaroundl0 pseuddterationsperrealtime step.The costof eachunsteadycalculationis around
50timesthatof a steadystatecalculation.

The calculationswererun ona 2.5 GHz PC. The fine grid bifurcationcalculationtracedout the
boundarybetweenMach numbersof 0.67and1.14in stepsof 0.05. The bifurcationcalculationon
thefine grid took 1.56timesthe requiredsteadystatecalculationat the sameMach number Thirty
Newton iterationswereusedat eachMachnumber A majorconcerns the performancef thelinear
solverfor thelargerproblemsencounteredh 3d. However, on average38 Krylov stepsareneededht
eachNewton stepwhichis similar to the costsof solvingthe linear systemsn the aerofoilcas€[6].

To evaluatethe bifurcationmethod the costof tracingoutthe boundaryusing9 Machnumberss
equialentto 23 steadystatecalculations.Usingtime marching,andmakinga conserative estimate
that3 time marchingcalculationswill berequiredateachMachnumbeythecostwill beequialentto
over onethousandsteadystatecalculations.Thereforethe bifurcationmethodturnsoutto bearound
two ordersof magnitudemore efficient thanbruteforce time marching. This is consistentwith the
conclusiongrom the aerofoil caseg6].

Currentefforts arebeingdirectedat anefficient parallelimplementatiorio allow large scaleprob-
lemsto becomputed.

6 Conclusions

The methodproposedn [6] for calculatingHopf Bifurcationsof two dimensionakystemshasbeen
successfullyappliedto the threedimensionalAGARD 445.6wing case. The performanceof the
Krylov basedsparsdinear solver andthe approximateNewton iteration schemehasbeenshown to
be consistentvith the previoustwo dimensionatesults.

7 Acknowledgements

Thiswork wassupportecdoy EPSRCMoD, DERA andBAE SYSTEMS.



References

[1] Farhat,C, GeuzaineP andBrown. G, Applicationof a three-fieldnonlinearfluid-structue for-
mulation to the prediction of the aemelasticparametes of an F-16 fighter, Computersand
Fluids,to appear2002.

[2] Melville, R, NonlinearSimulationof F-16 Aerelasticinstability, AIAA Paper2001-0570,Jan-
uary, 2001.

[3] Beran,RPS.andCarlson,C.D. Domain-DecompositioMethodsfor Bifurcation Analysis AIAA
Paper97-0518,1997.

[4] Morton,S.A. andBeran,P.S.,Hopf-Bifurcation Analysisof Airfoil Flutter at TransonicSpeeds
JAircraft, 36,pp421-429,1999.

[5] Beran,P.S., A Domain-DecompositiotMethodfor Airfoil Flutter Analysis AIAA Paper98-
0098,1998.

[6] Badcock,K.J., M.A. Woodgate M.A. andRichards,B.E., The Application of SparseMatrix
Techniquedor the CFD basedAeroelasticBifurcation Analysisof a SymmetricAerofoil, sub-
mittedto AIAA J,2002.

[7] BadcockK.J.,RichardsB.E.andWoodgateM.A., Element®©f ComputationaFluid Dynamics
on Block StructuedGrids usingimplicit Solves, Progressn Aerospacesciencesyol 36,2000,
pp 351-392.

[8] Yates,E.C.,AGARDstandad aeroelasticconfiguationsfor dynamicresponsd.: Wng 445,
AGARD Report765,1988.

[9] OsherS.andChakraarthy, S.R.,Upwind Shemesand BoundaryConditionswith Applications
to Euler equationsn Geneanl Coominates, JournalComputationaPhysics,vol. 50, 1983,p
447-481.

[10] Van Leer, B., Towards the Ultimate ConservativeConservativeDifferenceSthemell: Mono-
tonicity and ConservationCombinedin a SecondOrder Sthheme Journal Computational
Physics14,361-374,1974.

[11] Cantariti,F., Dubuc,L., Gribben,B., WoodgateM., BadcockK. andRichardsB., Approximate
Jacobiansfor the Solutionof the Euler and NavierStoles Equations University of Glasgav,
Aerospacdengineeringeport9704,1997.

[12] JamesonA., Time dependentalculationsusingmultigrid, with applicationsto unsteadyflows
pastairfoils andwings Technicalreport,AIAA 91-1596,1991.

[13] Goura,G.S.L., Time Marching Analysisof Flutter usingComputationaFluid Dynamics PhD
thesis,University of Glasgav, Nov, 2001.

[14] Goura,G.S.L.,Badcock,K.J., Woodgate M.A. and Richards,B.E., Extrapolation Effectson
CoupledCFD-CSDSimulationsAIAA J,March,2003.

[15] Gordon,W.J.andHall, C.A., Constructionof curvilinear coorinate systemsand applications
to meshgeneation, Int JNum Meth Engr, 7,1973,461-477.



[16] Goura,G.S.L.,BadcockK.J.,WoodgateM.A. andRichardsB.E.,Implicit Methodfor theTime
Marching Analysisof Flutter, Aeronauticallournal yvolume105,numberl1046,April, 2001.

[17] Seydel,R., PracticalBifurcation Analysisand Stability Analysis,SpringefVerlag,2nd edition,
1994,

[18] AxelssonQ., Iterative SolutionMethods CambridgeUniversity Press1994.

[19] Tuminaro,R.S.,Heroux, M., Hutchinson,S.A. and Shahid,J.N., Official AztecUser’s Guide
\ersion2.1, SAND99-8801JSandiaLaboratory 1999.



054 T T T T T T T T T
0.52 - _
05 -
0.48 |- -
0.46 | -
e]
(]
(0]
o
7]
8 0.44 |- -
(&)
>
©
o
0.42 B
0.4 | .
0.38 B
0.36 \ B
coarse bifor N /
fine bifor ------- V/
coarse time ~ + v
fine time X
034 | | | | | | | | |
065 0.7 075 08 085 09 0.95 1 1.05 1.1 1.15

Mach

Figurel: Flutterboundarycomputedusingtime marchingandbifurcationmethodson the coarseand
fine grids.



